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ABSTRACT 


The purpose of this study was to assess the extent to 
which grade eleven students, who are enrolled in a mathematics program 
designed to prepare them for the study of post-secondary mathematics, 
subjectively understand the nature and role of mathematical proof. 
Specifically, the aim was to identify, categorize and describe some 
of the subjective thinking processes used by these students in 
attempting to justify a variety of mathematical generalizations and 
conclusions presented to them. 

Twelve items constructed by the investigator after extensive 
pilot testing were used to assess the extent to which high school 
students understand a number of selected concepts related to proof in 
mathematics. These items were administered to two hundred fifty-five 
nis students in ten randomly selected classes from nine 
different senior high schools of the Edmonton Public and Separate 
School systems. The items were administered during regular school 
hours and each student responded to each item in writing. 

The responses of the students to each of the items were 
summarized and response categories for each item were developed on 
the basis of the type of responses that students actually gave to 
each of the items. The responses of students to each item were then 
categorized by three independent judges to ensure that each response 
was assigned to an appropriate response category. As a result, a 


distribution of responses by category for each item was obtained which 


ois ves 


sesifintinene inci k's st19° OF 
BORD QAOH Daa eteimnsee tery a 308 meek bs ae 
tense fey taunee tie 3 yes jaralonties arty ae 
see: ott badeslt Rove estruietes atynail oF eaw ile ais esti? 
ut anes anen; ot Titan s@aeero rm avidalids evigoetdos atyta®-. Ss 


bar sacks wn| tatervg bwal temeti 1ac7/7¢, aan & ytigay) ©? grlaquesie 7 
ao 


: wes ‘ot benenets stotagtorms 
evicheIes sank tookgl eoutt=aRs vd Bede Hsing sensi =v owt 
“Tne igle dotdw as inioye eds eetres oF Sues stew galseet pails 
ft tere ct bade let wrqeonon betoeier To. seine’ anugeteben efas5u76 
Seg FT balerath ard 6: by rea hotmba gxey woot weit +t. Jeena 
-—@Gter trier) ober» * viesige + Sellar? eh on eevee neveto shery 
wari ne daly) np silo Sits A aLoon we Re tolewe swosattah 
lootive 74 Ue 1 go il} oadete ry Lit, ny er noi oft ,gustats tondiagt 7 ya 
ait} se + wort Gent og. Be haute? vs Seetade eae bre eve - 
_ weds SAP Qo vagal bOfiaby ae Si) 76 saya sft 
Bs besotewsh ASrae pina Ayan 207 RalTogsIaS Soreesr bas, tewlisend 
oscar: elRiusen inibats Ter kmnviqees 4c e494 oft fm etead aft 
ots wyeN ae oes of Shite 20 ndadiciynar wit orl sft to dee 
axnagars thoi, TTL wings ot enghat, analogs osed2 yd omens | 
eT nr Cree phe gags nantagqe-rgye gene 52 : 


adit tami sein aiada Hoeemaed briaies w sn gat de 


was used to analyze statistically the response patterns of students 
and also to describe the kinds of thinking exhibited. 
The major findings can be summarized as follows: 

1. Only those students who were classified as high achievers by 
their teacher, less than thirty percent of the sample, exhibited any 
understanding of the meaning of proof in mathematics. 

2. Approximately half of the students sampled do not see any need 
to prove a mathematical proposition which they consider to be 
intuitively obvious. 

3. At least seventy percent of the students sampled do not 
distinguish between inductive and deductive reasoning and hence do not 
realize that induction is inadequate to support mathematical 
er roe 

4. Approximately eighty percent of the students sampled do not 
always realize the significance of hypotheses and definitions in 
mathematical arguments. Approximately sixty percent of the students 
sampled are unwilling to reason, for the sake of argument, from any 
hypothesis which they consider is false. 

5. Less than twenty percent of the students sampled understand 
the method of indirect proof. 

6. Almost eighty percent of the students do understand the 
concept of counter-example. 

7. There was no evidence from this study to suggest that high 
school students understand that a mathematical statement and its 
contrapositive are logically equivalent or that students realize 


that a statement and its converse are not logically equivalent. 
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8. There were no significant differences between the overall 


level of responses given by females and that given by males. 
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CHAPTER I 
INTRODUCTION 


I. BACKGROUND TO THE PROBLEM 

An introduction to the deductive nature of modern mathematics 
has been widely accepted as a Cay IeIG cre important goal of the high 
school mathematics curriculum, especially for students who plan to 
continue their study of mathematics at. the post-secondary level. This 
goal has perhaps taken an added significance in this century in view of 
the rapid growth of new knowledge and new conceptualizations of old 
knowledge in all existing fields of mathematics. During the past half 
century, however, there has been a great deal of debate in the mathe- 
matics community concerning the most appropriate means of attaining 
this goal. 

The central notion of deductive mathematics ‘ig Lhabworesproor. 
Wet belt (8936 stated: 

Unless the student who gets no farther than a first 

course in algebra or geometry acquires as part of 

his mentality for life a clear, cold perception of 

what "proof" means in any deductive argument or 


system of deductive reasoning, his time and effort 
will have been wasted (p.138). 


The significance of proof as one of the pivotal ideas in mathematics is 


conveyed by Polya (1957): 


In mathematics, as in the Physical sciences, we may 
use observation and induction to discover general laws. 
But there is a difference. In the Physical sciences, 
there is no higher authority than observation and 
induction; but in mathematics there is such an 
authority: rigorous proof (p.117). 
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Kline (1973) supports these comments by stating: 


There is no question that deductive proof is the 
hallmark of mathematics. No result is accepted 
into the body of mathematics until it has been 
proved deductively on the basis of an explicit 
set of axioms (p.188). 


If these comments are at all representative, then it is 
apparent that many mathematics educators during the past fifty years 
have pointed to the importance of providing high school students with 
some understanding of the nature and role of mathematical proof. This 
point was perhaps best summarized by Fawcett (1938) when he stated: 

There is no disagreement concerning the educational 

value of any experience which leads children to 

recognize the necessity for clarity of definition, 

to weigh evidence, to look for the assumptions on 


which conclusions depend, and to understand what proof 
really means (p.6). 


In the traditional high school mathematics curriculun, 
Euclidean geometry, to which Fawcett was referring above, was the sole 
vehicle by which high school students were introduced to deductive 
mathematics. Allendoerfer(1957) states that one of the main objectives 
of teaching Euclidean geometry at the high school level is "to teach 
the deductive method as it is applied to mathematical reasoning and 
thus give the students a first taste of the nature of mathematical proof 
(p.65)." While this objective was widely accepted as a reason for teaching 
Euclidean geometry during the first half of this century, at the same 
time many mathematics educators began to express doubts and concern 
about the extent to which this objective was actually being achieved in 


the usual manner in which Euclidean geometry was taught. 
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Bell (1936) questioned "why Mathematics, of all Sciences 
the most progressive and the most prolific in its research activities, 


is the most backward pedagogically (p.139)." He went on to state: 


Who but a demented reactionary would teach physics 
to boys of fifteen out of Aristotle's "Physics'? 
Yet the equivalent of that unthinkable stupidity 
is precisely what we do in geometry (p.139). 


Beyond the few trivial applications, what is there 
in elementary geometry but a training in deductive 
reasoning? Nothing. And unless the training is 
modernized, the habits of "reasoning" which are 
drilled into the pupils are about as bad as they 
COULOBDcemEE LCeDLtyaClm@tuers thateagaecents|0b 
would be no harder to do than the awkward muddle 
consecrated by tradition and sanctioned by mential 
inertia. Endless generations of committees on the 
teaching of geometry have proposed timid patches 
here and there on a corpse that has lain in state for 
generations (p.140). 


Fawcett (1938) reported that while "there is almost unanimous 
agreement that ene arracive geometry can be so taught that it will 
develop the power to reason logically (p.8)", there is also almost 
unanimous agreement that most teachers of geometry do not ordinarily 
teach it in such a way as to secure the desired learning outcomes. 


fie labore el OnsOtmuni se point ehawceLt estates: 


While verbal allegiance is paid to these large 
general objectives related to the nature of proof, 
actual classroom practice indicates that the 

major emphasis is placed on a body of theorems to 
be learned rather than on the method by which these 
theorems are established. The pupil feels that 
these theorems are important in themselves and in 
his earnest effort to "know" them he resorts to 
memorization (p.1). 
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Many other mathematics educators offered similar criticisms 
of the traditional Euclidean geometry curriculum. Rosskopf (1957) 
suggests that in the traditional manner of teaching mathematical 
proof, ''the average student never really learns what a proof is, but 
rather learns how to write correct proofs through imitation of his 
instructor and his textbooks and by adjusting his efforts to their 
authority (p.21)."" Kline (1973) makes a similar point when he 


states: 


The concept of proof is fundamental in mathematics, 
and so in geometry the students have the opportunity 
to learn one of the great features of the subject. 
But since the final deductive proof of a theorem 

is usually the end result of a lot of guessing 

and experimenting and often depends on an ingenious 
scheme which permits proving the theorem in 

proper logical sequence, the proof is not 
necessarily a natural one, that is, one which 
would suggest itself readily to the adolescent 
mind. Moreover, the deductive argument gives no 
insiehteintostherditticulties that were over— 

come in the original creation of the proof. Hence 
the student cannot see the rationale and he does 
the same thing in geometry that he does in algebra. 
He memorizes the proof (p.7). 


A related but perhaps more significant deficiency in the 
traditional teaching of Euclidean geometry centres around the kind 
of tests that were used to assess learning outcomes in geometry. 
Fawcett (1938) claimed that "the tests most commonly used emphasize 
the importance of factual information (p.1)." More importantly, 
however, he states: 

It is probably safe to assume that the values 

emphasized in the testing program of any school 


are those values which receive emphasis in the 
classroom, and a study of commonly used tests 
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in geometry is sufficient to reveal that little, 
if any, attempt is made to measure the degree 

to which the purposes claimed for demonstrative 
geometry are realized (p.9). 


Fawcett further states that "there is little, if anything, in these 
tests which by any stretch of the imagination could be interpreted 
as examining children on their understanding of 'the nature of 
DEOGGMENCD 40a 

The lack of and need for items that do test many of the 


objectives stated for Euclidean geometry was recognized by 


Fehr (1966). He stated: 


The major areas which have been neglected in 
mathematics test development are: the under- 
standing of proof, consistency of a mathe- 
matical system and a whole spectrum of related 
topics. The need is to address oneself to the 
development of better questions at this level, 
on this vast spectrum that I would call the 
proof spectrum (p.61). 


In a more general sense, Wilson (1971), in the context of 
Bloom's Taxonomy (1956), classifies objectives in the cognitive 
domain of mathematics in a hierarchy as follows: (a) computational; 
(b) comprehensive; (c) application and (d) analysis. In commenting 
on these categories, Wilson states: 

Mathematics teachers often state their goals 

of instruction to include all cognitive levels. 

They want their students to be able to solve 

problems creatively, etc. But then their 

instruction, their testing, and their grading 


tend to emphasize the lower behaviour levels, 
such aS computation ard comprehension (p.650). 
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[tes saidsag: that the important objectives stated for teaching 
Euclidean geometry in the past, particularly those dealing with 

the notion of proof, are at the higher levels of Wilson's hierarchy. 
It is also evident that it is much more difficult to assess in a 
meaningful way learning outcomes at the analysis level than say 

at the computational level. If teachers experience difficulty 

in their attempts or do not know how to evaluate meaningfully the 
learning outcomes implied by a specific goal of the curriculum, 

then it is doubtful whether any meaningful teaching for that goal 
will or can take place. Hence, the degree of difficulty associated 
with assessing learning outcomes may be a prime determinant of 
whether or not certain objectives are included in the curriculum. 

If meaningful teaching can only take place when teachers can assess 
the results of their teaching and if meaningful learning can only 
take place when students can determine the extent to which they 
have learned, then it seems certain that many of the fected learning 
outcomes in the area of mathematical proof have not been attained 
in the past because the method of evaluation most often used did 
not assess learning outcomes relative to the stated goals but rather 
have assessed in many cases learning outcomes that many would consider 
irrelevant. Hence the lack of or tendency not to use test items 
appropriate to assess the extent to which students have attained 

the stated objectives of the geometry curriculum may be one of the 


main reasons for many of the criticisms directed at Euclidean geometry. 
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Euclidean geometry, however, came under fire for other 
reasons. In particular, while the content of Euclidean geometry 
remained basically unchanged for centuries, the maturity level 
of many of the students who enrolled in it changed dramatically. 
A century ago, Euclidean geometry was taught only at the college 
level, presumably to a select group of students. However, in the 
middle of the twentieth century, it was being taught to rapidly 
increasing numbers of high school students. The fact that a much 
larger proportion of the population were staying on to complete a 
high school education meant that students with a much wider range 
of interests, maturity levels, and intellectual capacities were 
enrolling in high school geometry courses. The difficulties 
experienced by many of these students, especially in their attempts 
to understand what geometry was all about, became much more in 
evidence and the demand for change increased. 

Allendoerfer(1957), in advocating change, pointed to 
another criticism of Euclidean geometry, when he stated: 

As mathematics has developed today, there seems 

to be no compelling reason for using Euclidean 

geometry as the principal example of the 

deductive method of logical reasoning. Asa 

matter of fact, there are reasons to believe 

that Euclidean geometry is even an unfortunate 

example to use with beginning students. Euclidean 

geometry is quite a complicated mathematical 

system, and as presented in most textbooks is 

not even completely logical (p.66). 


In the same context, many mathematics educators pointed 


out that since students were being introduced to deductive methods 
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only in Euclidean geometry, many students considered geometry to be 
the only area of mathematics where such methods were being used. 
Hence it was argued that deductive methods should and could be 
introduced in other areas of the school mathematics curriculum. 
Allendoerfer (1957), among many others, echoed the comments 
of Bell (1936) in suggesting that deductive methods be introduced 
in high school algebra. Bell argued that "Geometry is considerably 


more complicated structurally than algebra (p.145)." Allendoerfer 
(1957) suggests: 

The reason that Euclidean geometry has been used 

traditionally as the prime example of logical 

reasoning is that until recent times there was 

no other example to which teachers could turn. 

There are now available, however, a number of 

other mathematical examples of deductive systems 

which lend themselves much more effectively | 

to this purpose (p.66). 

The suggestions of Allendoerfer and many others were 
sanctioned in the far reaching 1959 Report of the Commission on Mathe- 
matics of the College Entrance Examination Board. One recommendation 
that was most influential in much of the curriculum reform to follow, 
suggested that students be introduced to the nature and role of 
deductive reasoning in algebra as well as in geometry. As a result, 
many of the groups involved in the movement to reform the school 
mathematics curriculum in the late nineteen fifties, notably the 
School Mathematics Study Group, began writing and publishing textbooks 


which presented an axiomatic approach to the study of the number systems 


and which attempted to introduce deductive methods at an early level 
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in the algebra curriculum. 


Kline (1973), while being very critical of many of the 
reforms of the school mathematics curriculum, summarized the results 
of these efforts by stating that "the major innovation of the new 
mathematics is the deductive approach to traditional subject matter 
(p.40)."' Allen (1966) went even further when he stated: 

The emphasis on structure and proof in 

algebra is the fundamental component of a change 

that has taken place in school mathematics in 

the United States at the secondary level during 

the past ten years. This change is so profound 

and far reaching that it only can be described 

aSnaerevolution (p.o) 

It was argued by many that the introduction of deductive 
methods in algebra would mean that students would no longer be 
forced to memorize and rely upon mechanical drill but would be 
forced to think about and understand the basic algebraic concepts 
being studied. In the process, it was envisioned that students would 
gain a greater appreciation of the nature of deductive methods in 
mathematics generally and in particular would understand better the 
mature and role of mathematical proof. 

The result is that during the past two decades, many 
students have been introduced to deductive methods much earlier 
and over a longer period of time. At the same time, however, many 
schools have reduced or even eliminated altogether the teaching of 


formal Euclidean geometry, perhaps in response to the famous state- 


ment of Dieudonne (1961) when he argued that "Euclid must go (DeoD) oe 
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In any event, the time would appear ripe to attempt to assess 
whether or not students who have been exposed to the modern mathe- 
matics curricula have any better idea of the concept of proof than 
was claimed for students who studied proof only in traditional 


Euclidean geometry. 


II STATEMENT OF THE PROBLEM 


The general objective of this study was to investigate 
and attempt to determine the extent to which grade eleven students, 
who have studied a modern high school curriculum designed to prepare 
them for the study of post-secondary mathematics, understand the 
nature and role of mathematical proof. Specifically, the aim was 
to identify and categorize some of the subjective thinking processes 
used by these students in attempting to justify a variety of mathe- 
matical generalizations and conclusions presented to them. In this 


context, answers were sought to the following questions: 


1. To what extent or in what contexts do high school students 


subjectively see the need for proof in mathematics? 


2. To what extent do high school students subjectively recognize 


that induction is inadequate to support mathematical 
generalizations? 

3. To what extent do high school students subjectively realize 
that the objects studied in mathematics have only those 


properties ascribed to them by definition or by postulate? 


10 


93! woo wt yhow Soop ias: . atesbissa — fAoiee dae ob tm, 125 t637 cf 4 


’ 


ethos net tobi 4 cts we ofu dey tuonge figsa oh Tih ye Ss \" oF £ 


_ BS 
~biet won, 62+ boeeie ae sii Sal =i 

: . ved P > ad 
orld: Someg Ye ys orto aif’ 99 Sih fiat unis ee ; 


LeneSaiiese ar tiae ower bapbise arly, agrohuse eae - 


Se la” igs on aq anh 


MEWSAS 290 Bi TlaretTe LE 


stegtoraun’ of zsu Vbu2 side to adsosido teveiey ONT 


getaabige novels. shays (AS pee GS? tr 8) oss onir sje. o7-Jqgne338 base 
StHeTQ OF bewgiesh ta Ve) yay foods. Wel! wrében » bakbwsu- ever, othe. | 
A 
= ' 


Ss SPR eTeoh ,2sF vpsasenm yuRbiio24e- te, ¢ he vhuge at4 tot osfa) ae - 
eae Sha he hla i oed2-. donre Mpespsiiw 46 whew Sek eebenee 
eackh Qi agtsintty slave pice S43 2 Saiu- “SET]ePs a> Ge YORE OF 
dives 30 vibitss & vTisdut ¢: gbliqnsi3s «)etfivhos> agadts vd boa 

wehily ly ated: oF fedbot oxg anv) 2; anon fins <2 pishleatsesg Leatsem 


tae tin Awe oWiwo let siy 477 5 deG2. thw ae Gwen .3%93003 


aSitet? foodie cb ‘ab os xe Taos thf, ghes Sates Yew oP it 


% 


= H » = 7 
ont fans sen Wi Puss wo} loan 241], see luvi75aj dua 


i 


- L a 
fest feel tan HP peed or SE UPSRees =f sleet sais 7 


eer i Lecceremgy 


apo? (tee ww eo Samat det ar baits aiabiba ontz coil 


satiawe Yd og able savant yd —S ph Besse pecan +o : 
| . > .~ 
| _ . ; | al h ; 7 et an 
; : ; - ve -_ : 
| it pe ee i 
eS ) os ; 7 a 


4. To what extent do high school students subjectively under- 
stand the indirect method of proof in mathematics? 

5. To what extent do high school students subjectively realize 
that a single counter-example to a stated proposition is 
sufficient to reject that proposition? 

6. To what extent do high school students subjectively realize 
that a mathematical statement and its contrapositive are 
logically equivalent? 

(owe lOewnateextent do which schools stucents subjectively recognize 
that a mathematical proposition and its converse are not 


logically equivalent? 


IIl DEFINITIONS 


Deductive Proof. A chain of reasoning based upon accepted 
assumptions (called axioms or postulates), 
definitions and/or previously proven 
propositions, which, provided the accepted 
rules of logic are followed, demonstrates that 
a conclusion is necessarily true if the 


postulates on which the argument is based are 


accepted as true. 


Proposition. A mathematical statement about two or more terms 


defined or undefined. 


hd 


7 


" 9 i 


rr. : rf 
B7e eVi3 


i 


" 


: 
t= SXK 92 7 EOGS74 
_ te : 
7 a 
4 
é fi ? os a: Toos. 4 t 
; =, 
7 = 7 
"y 
_ 2 Fa] d 
fe 
: “¢ — ro * Sa vere 
- kare eS GL oss Wo ea ‘ WT pro oh f- 4 
ty i 
oe 
in ‘ , 
7 , i in. 
ioe a ‘ u - ‘ “<c 
‘ on 4 
is / 
7 > “ = Ser V4 : _ , 
: nN rwwote ’ 7S td] 720" AS erry rit 
j i = \ + 
baiqn’en matt Lolth ig@ totdu , caecrheb gore 


i ra i “¢ a 
-. Su Weer @t 


1 
! 


: wales 


a et eeksshmn be k bo 


eebtves eteys etepe esnabu, 
| ® 


7 | 
_ -_ setae ‘ian hips 
2 P 


vn ‘5 = ty i: mat 


ies Pap | Arye gk, 


ee ee “1a ri 6 O sii (Pe 
Asi 4 tap} j # ri ae Hv 4 y 
“I Sie 5 a) 16) odes fie S3ixt; é 
at a 
c ’ is OS } 


aia £39 sein ts Cir 


: at 
ue #5795 a 


‘ 


‘Sameessadeanos state 


To 


7h on ae gl | Vue 


GJ 


Yuoks eeceta 26s 192197 


erar ot» 


Pps) Were eset 


t Wits -fatnsgega Te temigider A 


¥ t i et 
‘hyd Tera io FSi. ed 
x . s . Fy 


Axiom (Postulate). 


Theorem. 


Definition. 


Conjecture. 


Counter-example. 


Induction. 


Contrapositive. 


Converse. 


TZ 


A mathematical proposition assumed to be true. 


A mathematical proposition which is not an 


axiom and for which a proof has been given. 


A mathematical statement which is not a 
proposition and is stated in terms of previously 
defined terms or previously undefined terms or 


any combination of these. 
An unproven proposition. 


If P(x) is a mathematical proposition where 
x is any element in some domain D, then for 
anyecODStan Lee Cm itl) re (Cm cmamcounter— 
examplestou r(x) if sP(c)ee1s known to be 


falleser 


The process of reasoning by which a generalization 


Temrvede nedearomeamstuay OL particular tacts. 


The contrapositive of the statement p implies 
q where p and q are statements, is the 


statement not-q implies not-p. 


The converse of the statement p implies q 


1s the statement q implies p* 
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Indirect proof. A mathematical proposition P is proven true 
indirectly if one can deduce a contradictory 


statement from the negation of P. 


IV SIGNIFICANCE OF THE STUDY 


As was indicated in the introduction, traditional attempts 
to teach the nature and role of mathematical proof at the high 
school level do not appear to have been very successful. Many 
teachers encountered great difficulties in their attempts to teach 
the nature of proof and blamed the traditional Euclidean geometry 
curriculum as the main culprit responsible for this state of affairs. 
Although there has been an increased emphasis on presenting a 
deductive approach to much of the traditional curriculum during the 
past two decades, very little independent research has been carried 
out to assess whether or not students have any better understanding 
of the concepts being studied, particularly in the area of mathe- 
matical proof. From a curriculum point of view, it would be instructive 
to know whether or not students face the same problems today as they 
did thirty years ago, or are there new difficulties being encountered. 
These questions are particularly relevant in view of many 
of the criticisms aimed at the mathematics curriculum in recent 
years, notably by Kline (1973). The distinguished French mathematician 
René Thom eer 26 taken issue with recent curricular innovations in 


school mathematics. In particular Thom (1971) states: 
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the contemporary trend to replace geometry 
with algebra is educationally baneful and 
should be reversed. There is a simple reason 
for this: while there are geometry problems, 
there are no algebra problems. A so-called 
algebra problem can only be a simple exercise 
Tec ring the blind application of arithmetical 
rules and of a pre-established procedure. With 
rare exceptions, one cannot ask a student to 
prove an algebra theorem; either the requested 
answer is almost obvious and can be arrived 
ateDVvac!veetESsupSta LutlonsoLsdenini lions.) or 
the problem falls into the category of 
theoretical algebra and its solution exceeds 
the capacities of even the most gifted student. 
Exaggerating only slightly, one can say that 
ay eGueseton einealscora 1seeithem trivial oT 
impossible to solve. By contrast, the classic 
problems of geometry present a wide range of 
challenges (p.696). 


Another aspect of this study deemed significant concerns 
the issue of testing. As pointed Pale A the introduction, the 
obvious lack of good items to assess learning outcomes in the 
proof domain may have been one of the main reasons for the lack of 
success in teaching these concepts. There is very little evidence 
to suggest that the testing situation, at least in the area of 
proof, has changed very much. Hence a secondary objective of this 
study was to determine whether or not items of the type developed 
for and used in this study are useful as a means of diagnosing and 
evaluating the extent to which students do understand many of the 
concepts related to proof. 

Finally, the majority of recent studies in the area of 
mathematical proof have been experimental in nature. It is apparent 


that many of these studies have not been Depelculanlyenelprul sine tie 
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area of curriculum development. A number of related Brat many 
of which are summarized by Roberge (1972) een Jannson (1974), have 
investigated the development of deductive reasoning in children. 

Some of these studies have attempted to determine and classify 
fallacies in logical reasoning. However, the main focus of this 
study was not on eevee reasoning abilities and inference patterns. 
The attempt is not to determine the extent to which students are 
good at proof-making but rather to determine the extent to which they 
understand what proof in mathematics really means. Hence, while this 
study is not experimental in nature, it was hoped that some useful 


information that could benefit teachers would result. 


Ve DESCRIPTION OF THEP STUDY 


The first and perhaps most important stage of this study 
was the development of items to provide the kind of information 
Soucht.s, imitially, aynumber of items were devised which collectively 
were designed to assess student understanding of a wide variety of 
concepts in the proof domain. A panel of three judges examined the 
original set of items and made suggestions. As a result, some of 
the original items were deleted and others were modified. 

The revised set of items were used to construct six versions 
of an instrument. Each version, with one exception, consisted of 
four distinct items. Each item appeared on a separate page with the 


item at the top and space at the bottom for the student to respond 


in writing. 
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Each version of the instrument was piloted in randomly 
selected mathematics classes of grade eleven students enrolled in 
the academic programs of the Edmonton Public and Separate school: 
systems. The instruments were administered during the first 
thirty minutes of a regularly scheduled mathematics period. 

The responses of each student to each item was examined 
by three independent judges. This examination was carried out in 
two stages. First, for each item, the responses of all students 
responding to that item were summarized. As a result, a set of 
mutually disjoint response categories was devised for each item. 
Secondly, the three judges were asked to independently place each 
response to a given item in exactly one of the response categories 
for that item. This procedure was used initially to determine the 
adequacy of the categories and later to determine the reliability of 
assigning each response to the appropriate category. 

The objectives of this type of analysis were firstly to 
determine the feasibility of using such a procedure on a much wider 
scale. Secondly, while the six versions of the pilot instrument 
contained essentially different items, in several instances, the 
same item was included in different formats on different versions of 
the pilot instrument. The objective was to determine whether or not 
the way in which the items were presented or worded made any difference 
in the type of responses given by students. 

As a result of this analysis, each item used in the pilot 
study was judged to be either suitable as is, suitable with modifi- 


cations or unsuitable. It was determined that the format in which 
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an item was presented did make a significant difference in the 
type of responses students gave and that one format was superior 
to the others. 
As a result of the pilot study, tweive items were 
eventually selected and used in this study. All items were similar 
to or modifications of items used in the pilot study. As in the 
pilot study, each item was presented on a separate page with 
sufficient space on the page for the students to respond to the 
Seem. 
It was decided that the instrument be administered during 
a regular class session of approximately eighty minutes. In order 
to determine whether students could reasonably respond to the items 
in the time available, the proposed instrument was given a trial 
administration to one class of students. In addition, the responses 
of these students were analyzed in the same manner as in the pilot 
study. 
As a result, several minor changes were made in the 
wording of some of the items. Also, it was decided that students 
would be requested to respond to eight of the twelve items selected. 
The items were then administered to two hundred fifty-five 
grade eleven students in ten randomly selected classes of nine 
senior high schools in the Edmonton Public and Separate School systems. 
Seven of the items were administered to all students and the remaining 
five items were administered at random so that in any given class each 


of these items was administered to approximately twenty percent of 
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the students. 

The responses of students to each of the items were then 
summarized and response categories for each item developed using 
the same procedure as in the pilot study. The responses of each 
student to each item were categorized by three independent judges. 

An analysis was carried out to investigate whether or not 
there was any relationship between student response on each of the 
items and achievement. The main analysis, however, consisted of 
an examination of student responses to each item with particular 
emphasis on the type of thinking exhibited for each category of 


response. 


VI HYPOTHESES TESTED 


In order to analyze the response patterns of students 
statistically, a scoring scheme was devised based upon the hierarchial 
ordering of the response categories for each item. Scores of 0, l, 

2 or 3 were assigned to each student's response to each item. The 


scoring scheme was used to test the following hypotheses: 


1. The mean total scores for each group of students who were 


administered the instrument are not significantly different. 


2. For each group of students who were administered the 
instrument, there are no significant correlations tetween 
achievement in Mathematics 20 and the total score obtained 


by each student. 
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3. There are no significant correlations between 
achievement in Mathematics 20 and 
(a) the Lay obtained on each situation 
(b) the total score obtained on the eight situations 


presented to students. 


4. There are no significant differences between 
(a) the mean scores of males and females on each of 
situations one through seven 


(b) the mean total scores of males and females. 


VII LIMITATIONS 


The results of this study are perhaps only as valid as 
the items used to obtain those results. arthoten extensive pilot 
testing was carried out in an attempt to generate items to which 
students would respond in a subjective manner, it was not possible 
LOpODgeceivel yedetcrmiuesthesaertee Of reliapility of these items 
other than to observe that there was a led degree of consistency 
in the response patterns of students. 

The fact that students could only respond in writing and 
were required to read and understand the situation presented in 
each item in order to respond meaningfully, could have affected the 
type of response given. Although the situation presented in each 


item was considered to be such that most students would have no 
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difficulty in relating to and understanding what was written and 
what was expected of him or her, it is possible that the kind of 
responses given by students depended upon which aspect of the 
situation the students happened to focus on in his or her initial 
reading of it. Hence, if it were possible to determine in any 
objective or consistent way which aspect of the situation, if any, 
a student zeroed in on, then perhaps the responses of that student 
would have been eeeeor ed differently. 

The response categorization scheme for each item was nat 
pre-determined but constructed on the basis of the various kinds of 
responses students actually gave for each of the items. Hence, while 
the categorization scheme was considered adequate by three independent 
judges, the fact remains that the categories were developed from 
the perepece te of the three judges which may be entirely different 
from that of, for example, the students in making these responses. 

In this sense, the categorization scheme developed for each item 


together with the assignment of student responses to these categories 


to minimize such possibilities and increase the realibility of the 
procedures employed. 

Every effort was made to ensure that students did not 
consider the instrument as a test of their knowledge. For example, 
the students did not know in advance that they were participating 


in this study. It is still possible, however, that some students 
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perceived it as such, especially since the instrument was admin- 
istered during regular school hours in a regularly scheduled 
mathematics class. If so, then this could have had an effect 
upon the type of responses students gave. Also the pressure of 
time may have affected student responses although there was no 
evidence of this. 

Finally, the results obtained and the conclusions which 
are suggested by these results cannot be generalized beyond the 
population sampled, namely, grade eleven students enrolled in an 
academic mathematics program who have studied a modern mathematics 


curriculum including some work in formal Euclidean geometry. 


VIII OUTLINE OF THE REPORT 


Chapter II contains a review of selected relevant literature. 
A detailed account of the design of the study including the pilot 
study, the items used and their rationale, the testing procedures 
used, the response categorization scheme employed and the hypotheses 
tested relative to the response patterns of students is reported 
Treciaptecel lL Pammcuapler tVareports the results of the study including 
a breakdown of student responses for each of the items together with 
examples and a discussion of student responses in each category of 
each item. Also the results of the statistical analysis of the 
response patterns of students are presented in this chapter. Chapter 


V includes a summary and discussion of the findings with reference 
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to the specific questions posed in the statement of the problem. 
Also a discussion of some of the educational implications of the 
findings and suggestions for further research are given in this 


chapter. 
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CHAPTER II 


REVIEW OF RELATED LITERATURE 


Numerous studies that might be classified as having impli- 
cations for the teaching, learning andes saeencet of various concepts 
related to mathematical proof have been reported in the literature. 
Some of the categories under which these studies fall include The 
Teaching of Proof, The Development of the Concept of Proof, 

Deductive Reasoning Studies, Critical Thinking Studies, Piagetian 
Studies, Studies on the Teaching of Inference Patterns and Logic and 
so on. It is not the purpose of this chapter to review studies in 
ail of the above categories but rather to review and summarize some 
of the investigations which appear to be directly related to dle 
study. 

One of the classic studies in the area of mathematical proof 
was that reported by Fawcett (1938) in the Thirteenth Yearbook of the 
National Council of Teachers of Mathematics. The main purpose of his 
study was "to describe classroom procedures by which geometric proof 
may be used as a means for cultivating critical and reflective 
thought and to evaluate the effect of such experiences on the thinking 
of the pupils (p.1)". Fawcett developed an experimental course in 
plane geometry which he taught over a two year period. The basic 
purpose of this course was to teach students the principles of logical 
deduction and determine the extent to which students could use these 


principles in non-mathematical situations. 
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In his study, Fawcett assumed that a student understands 


the nature of deductive proof when he understands: 


(a) the place and significance of undefined 
concepts in proving any conclusion; 


(b) tie mecessaty for defined terms and 
their effect upon the conclusion; 


(c) the necessity for assumptions and 
unproved propositions; 


(d) that no demonstration proves anything 
that is not implied by the assumptions 
(po, LO} 
Hence, throughout his course, Fawcett attempted to teach his students 
the role of undefined terms, definitions and assumptions in making 
deductive inferences, not only in geometry but in a variety of non- 
mathematical situations as well. He attempted to show that with 
explicit instruction, students could be taught to apply the principles 
of deductive reasoning used in plane geometry to many situations 
occuring in everyday life. 
Fawcett concluded that: 
1. Mathematical method illustrated by a small 
number of theorems yields a control of the 
subject matter of geometry at least equal 
to that obtained from the usual formal 
course. 
Qe by foOllowine the procedures outlined, It is 
possible to improve the reflective thinking 
of secondary school pupils. 
3. This improvement in the pupil's ability for 


reflective thinking is general in character 
and transfers to a wide variety of situations. 
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4, The usual formal course in demonstrative 

geometry does not improve the reflective 
thinking of the pupils (p.119). 

Rolland Smith (1940) investigated the difficulties 
encountered by students in writing proofs in plane geometry. 
Students studying units on congruence and parallel lines were tested 
almost daily over a fifty day period. The written tests were used 
to determine the type and prevalence of errors made by the students. 
Smith found that most of these errors could be classified in three 
categories, one of which was "those (errors) due to a meager under- 
standing of the meaning of proof (p.2)". His study showed that errors 
in each category persisted throughout the study but that errors in 
the category mentioned above were more prevalent. Smith's results 
were similar to those obtained earlier by Touton (1924). 

There are a number of interesting studies of more recent 
vintage. Many of these were carried out at the time when efforts to 
reform the traditional mathematics curriculum were at a peak. A 
recommendation to place more emphasis on providing college capable 
students with an "understanding of the nature and role of deductive 
reasoning in algebra as well as in geometry (p.iii)" was contained 
in the 1959 Report of the Commission on Mathematics of the College 
Entrance Examination Board, referred tq earlier in this report. As a 
result, the attention of many mathematics educators was drawn to the 
problem of how best to incorporate this objective in the school 


mathematics curriculum. 
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E. P. Smith (1959) suggested that except in plane geometry, 
there had up to that point been very little research into methods by 
which concepts in the proof domain could be made an integral part 
of the school mathematics curriculum. Hence Smith suggested ways 
of introducing the basic ideas of proof into the school curriculum 
ab both theyelementary and hich school, levels. ‘The«results of his 
work are contained in the Twenty-fourth Yearbook of the National Council 
of Teachers of Mathematics. 

The 1959 Report of the Commission on Mathematics together 
with the work of Smith mentioned above led to a study by Robinson 
(1964), which perhaps influenced the present study more than any other. 
Robinson attempted to assess the extent to which "the nature and role 
of deductive reasoning in mathematics can be meaningfully taught at 
an earlier level than that which has been customary in the schools 
(p.2)", as implied by the recommendations of the Commission on Mathe- 
matics. The general aims of her research were to explore (a) "what 
students themselves regard as proof in mathematical situations (p.3)" 
and (b) the extent to which "junior high school students understand 
the need for proof in mathematics (p.98)". 

Robinson sought answers to four specific questions. The 
finctawas see oescidents row older, do they, without direct instruction, 
come to realize that generalizations about infinite sets of mathe- 
matical objects cannot be adequately supported by examining a finite 
number of cases (p.30)?" Robinson concluded that children do have 


this understanding at least by grade seven. She states that "whether 
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or not seventh grade students specifically recognize that induction 

is adequate to support generalizations in mathematics, their 
responses to situations of free choice are characterized by other 
forms of reasoning, proof being one of these (p.100). Robinson 
points out in this context, however, that 'no claim is made that these 
children understand the meaning of the phrase, ‘mathematical proof' 
(N99) 

Robinson's second question was: "As children grow older, 
do they naturally come to realize that the objects studied in mathe- 
matics have only those properties ascribed to them by definition or 
by postulate (p.30)?" Robinson concluded that the answer to this 
question was no, at least for students at the junior high school 
level. She states that "most seventh and ninth-grade students will, 
when en free choice, justify a mathematical generalization by 
deductive reasoning from a set of premises if and only if these pre- 
mises agree with their intuitions; that is, if and only if these 
premises are believable to the children (p.101)." 

The third question posed by Robinson was: '"Does formal 
inStiuchion, inethe wise Of StraLesies of proof contribute to the 
understandings described in (the first two questions) (p.30)?" Again 
Robinson concluded that the answer to this question was no. She 
states that "there is no evidence from this study to suggest that 
instruction in plane geometry contributes to a student's understanding » 
of the need for proof or to his understanding of the nature of an 


axiomatic (mathematical) system (p.102)." 
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It should be noted, perhaps, that Robinson's sample 
consisted of forty-eight students, half of whom were enrolled in 
grade seven and the other half in grade nine. Only eight of the 
ninth grade students had completed a year of plane geometry. The 
third conclusion above was based upon a comparison of the perform- 
ance of these eight students with the others. It is doubtful 
whether any meaningful conclusions can be drawn from such a small 
sample. Furthermore, there is the implication that the instruction 
ineplane geometry received by "these students included “a study of 
various strategies of proof. However, whether or not this was the 
caseeis 0t verifiedein "the study. Infact, mo anformation at afl 
is given on the nature of the geometry course studied by these 
students. 

The final question asked by Robinson was NTE students do 
see the need for proof, is this understanding more related to mental 


maturity or to achievement in mathematics (p.30)?" Robinson 


She suggests that to adequately answer this question, "a further study 
is needed in which reliable measures are available for some of the 
traits which were not sampled (p.104)." 

The study of Robinson has been reported in some detail 
because it appears more closely related to the present study than any 


other and also because the present study is in some respects an 


extension of Robinson's work to the high school situation. 
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A study by Reynolds (1967) as reported by Lovell (1971) 
also has ieee for the present study. The einer this study 
was "to investigate the development of the understanding of mathe- 
matical proof in pupils in British selective (grammar and technical) 
secondary schools and to see how well this development is explained 
by the framework provided by Piaget's genetic psychology (p.66)." 

Reynolds constructed tests involving the following aspects 
of proof: generalizations, symbols, assumptions and methods of 
proof. These tests were administered to four groups of students in 
the age categories 12-13 (First Form in Britain), 13-14 (Third Form), 
15-16 (Fifth Form) and 17-18 (Sixth Form). Lovell states that Dy 
means of the common questions to every age group. it was possible to 
get some idea of the development with age of the understanding and 
Aga aspects of proof considered (p.68)."' Reynolds conclusions 
were based upon an analysis of the written responses of the students 
to the various test items. 

In summarizing some of the main conclusions, Lovet GWG AR: 
states that while "Piaget's formulations regarding stages of thinking 
account fer a good deal in the nature of the replies (p.77)", yet 
"there were common approaches to the questions in all age groups (p./7)", 
and "to some questions the answers of the fifth and sixth-form pupils 
showed only gradual improvement over those in the first and third 
forms. (pass). 


One of the more important aspects of Reynolds’ study is the 
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type of questions he used, some of which, especially those dealing 
with generalizations, attempt to assess understanding not usually 
tested with traditional kinds of items. However, most of the items 
used by Reynolds appear to be knowledge oriented. pence students 
may have responded to these items by relying heavily upon what they 
had learnt in school which may not be indicative of their stage 
of development with respect to the concepts being investigated. Hence 
it is possible that what Reynolds assessed is not the development of 
an understanding of proof, but rather how well concepts in the proof 
domain were taught at the various levels. If so, then it is possible 
that entirely different conclusions could have been reached. 

The type of research that Reynolds Hears in can be 
classified as developmental or Piagetian-oriented. There have been 
a number of studies of a similar nature investigating the development 
of deductive reasoning and critical thinking. In particular, the 
work of Ennis and Paulus (1962) is probably the most significant. 
Since most of these studies are concerned with the verbal form of 
arguments and arernot considered to) be; directly related to this study, 
no attempt will be made to review them here. However, an excellent 
summary of the results of many of these studies has been given by 
Roberge (1972). 

Several studies have investigated the role of proof-related 
logic. Morgan (1970) found that mathematical experience was not a 
sufficient condition for learning all of the patterns of conditional 


reasoning that he investigated, namely recognition of (a) equivalence 
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of a conditional statement and its con teapoettiie: (b) invalidity 
of the inverse and converse of a conditional statement, and (c) the 
starting assumption for a direct proof, contrapositive proof and 

a proof by contradiction. 

Some educators have argued that the basic concepts of 
mathematical logic should be taught as a necessary pre-requisite to 
the teaching of concepts in the proof domain. The work of Suppes 
Gl962) 3 Dienes (1964) and Scandura (1971) suggest that the teaching 
of basic inference patterns should begin in the elementary grades. 

On the other hand, studies by Phillips (1968), Roy (1970) and 
Mueller (1975) suggest that formal instruction in logic does not 
Significantly aid students in the writing of proofs. 

Phillips (1968) attempted to determine whether or not 
there were any differences in the abilities of two groups of high school 
students to analyze and construct simple mathematical proofs. One 
group had studied the formal rules of deduction, while the other had 
studied these rules informally in their regular mathematics instruction. 
Both groups were tested on their ability to (a) complete information 
in partial informal proofs; (b) give original informal proofs; and 
(@\eanalyzesa given prootstor correctness or incornectness. Phillips 
concluded that there were no significant differences in the ability of 
the two groups to deal with the three aspects of informal mathematical 
proofs referred to above. 

In a similar study, Roy (1970) investigated the extent that 


it is necessary to teach explicitly those basic logical principles 
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that are essential to deductive reasoning. His primary aim was to 
determine whether or not the formal study of mathematical logic 
improves the ability of secondary school mathematics students to 

(a) judge the validity of arguments and (b) prove theorems by using 
the principle of mathematical induction. Roy concluded that the 
study of mathematical logic has little or no effect on how students 
perform in carrying out any of the two tasks studied. Mueller (1975) 
obtained similar results. 

Bostic (1970) assumed that the formal study of the basic 
principles of mathematical logic should precede the introduction of 
proof. As a result, he attempted to develop materials suitable for 
an introduction to the concept of proof at the tenth grade level and 
to establish their suitability for presentation at this level. The 
awhdent 3 consisted of twenty-two lessons, the first eight of which 
contained an informal introduction to the basic concepts of logic. 
Perhaps the significance of this study lies in the fact that the 
assumptions that underly this study and the type of materials 
developed seem to concur with the thinking of many mathematics edu- 
cators in the late nineteen sixties. Essentially what the study 
suggested was that an appropriate introduction to deductive mathe- 
matics could consist of a study of the basic principles of formal 
logic followed by the study of a relatively small number of theorems 
compared to the rather extensive body of theorems studied in tradi- 
tional Euclidean geometry. The study suffers, however, from the fact 


that there was no objective assessment of the extent to which the 
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materials developed are useful as a viable alternative to introduce 
and teach pridente an understanding of the nature and role of 
mathematical proof. 

Two other related studies oe reported by Baker (1969) 
and Byham (1969). Baker attempted to produce a textbook with proof 
as its central theme for use at the high school level. However, his 
proposed textbook does not appear to contain anything significantly 
different from materials already available. Byham investigated how 
Ehescenceplson andirect proof is treated inycurrent textbooks. 
Specifically, he compared the presentation of indirect proofs in 
modern curricula with that of older textbooks and even with how the 
topic was presented by Euclid himself. However, no new insights for 
the teaching and learning of this seemingly difficult topic were 
evident inethis study. 

In this chapter, a review of those studies which were 
considered to be most closely related to this study has been 
presented and,)in general, an attempt has been made to indicate the 
nature of some of the more significant studies dealing with the 
teaching, learning and assessment of concepts related to mathematical 


proot. 
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CHAPTER III 


RESEARCH PROCEDURES 


Toei rT LOT STUDY 


The aim of this study was to-identify and categorize some 
of the subjective thinking processes used by eleventh grade high 
school students in attempting to justify a ee of mathematical 
generalizations and conclusions presented to them. The first task, 
therefore, was to devise a means of presenting to students a variety 
of conclusions to which they could meaningfully react and which would 
elicit responses indicative of their subjective thinking processes. 

In order to determine an effective and efficient method for obtaining 
the desired information, a pilot study was undertaken. Since the 
selene ean obtained from the pilot study was of considerable 
importance, the procedures used in the pilot study will be reported 
in some detail. 

It was decided initially to construct items which could be 
administered to students on a class basis during regular school hours, 
and to which students could respond in writing. Hence a number of 
items were constructed in each of which the basic idea was to describe 
or present a mathematical situation, generalization or conclusion which 
iiectreccerequiredecach student to either accept or reject the erered 
conclusion with supporting reasons. Also, in selecting the content 
and wording of each item, it was hoped that most students could 
respond to the items in a meaningful way without having to rely upon 


specific knowledge that may have been acquired in, for example, the study 
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of plane geometry. In seraevet eres it was considered important that 
students not perceive the items as a test of their knowledge but 
rather that they respond in a Pcatcoee manner using the first 
thoughts that came to mind, thus maximizing the chances of obtaining 
student responses racer tire of their subjective thought processes. 

A panel of four judges were asked to evaluate the original 
set of items with respect to content, wording and overall appropriate- 
ness. This assessment produced a number of constructive suggestions 
which were incorporated in a revised set of items. These items were 
used to construct six pilot instruments which were administered to 
students in six different grade eleven mathematics classes of the 
Edmonton Public and Separate school systems. The instruments were 
administered during the first thirty minutes of a regularly scheduled 
mathematics class containing approximately thirty students. 

Each pilot instrument, with one exception consisted of 
four distinct items. Each item was presented at the top of a page with 
space at the bottom for the student to respond in writing. 

Some examples of the type of items used in the pilot study 
were: 
teeeeribiein, the blank: 
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Zemelie bein the blank: 
C1)" nn 1s-a factor of a+b 
(Ti )@elise nesalwaysea factor of a and of 6? 


Convince a friend who disagrees with your last answer. 


3. Note the following: 


SS) cI ete Cele 


2 
Il>—-10° = 21 We ae Zi 


(i) What conclusion can you make about differences like those 
above? Give examples if you like. 


(ii) Do you think your conclusion in (i)is always true? Why? 


4. ABCD is a rectangle. E is the mid-point of AB. 
(i) The area of triangle ECD is what fractional part of the 
area of the whole rectangle? 
(ii) If your friend disagrees with you, how are you going to 


convince him. 


5. Tom says, ‘Hey Joe, i’ve- found a formula that will “always produce 
; i 
DEipeelunvet se rOremMe. Ltets ele tn + ate When 1 =—., » then 
ese iow some. bore 1) =)2,. othe, value is) 17, seand for yn = 3; 


oe 


the value is 23. It just keeps giving me prime numbers.’ 
2 

Eepiies meWiateaboute a= 1i ee them n= + n +l) vequals 143 

which is not a prime number because 143 equals 13 times 11." 


2 : 
Tomerep hicay Well. lm still going to say that ne+n+d11 is 


a formula that always produces prime numbers when n is a positive 
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integer." 


(i) Whose side would you be on in this argument? 


(ii) Why? 


6. Joe and Tom are discussing the inequality 20 -n > 2n-1. 
Joe: "It is easy to show that this inequality is true when 
Delo wasstonedathenvaluess |). 204 and 4. 
Tom: "It's my guess that the inequality is true when n is 
assigned any natural number." 


Joe: "I don't agree with you Tom." 


If you were Tom, what would you reply? 


The objectives in administering the pilot instruments 
were to determine (a) whether or not the kind of items constructed 
would elicit responses from students which could be analyzed to 
interpret the subjective thinking processes used by students; (b) 
whether or not the wording and format of the items made any difference 
in the type of responses students gave; (c) the extent to which the 
instruments:could be administered successfully under group conditions 
and (d) the amount of time needed by students to comfortably respond 
to the various items. 

Excellent cooperation was received from the selected 
schools in conducting the pilot investigations. Teachers willingly 
agreed to permit their classes to participate after a brief 
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The following procedures were used in administering the 
pilot instruments. Firstly, students were not forewarned that they 
would be participating in the pilot study. The teacher simply 
introduced the investigator at the beginning of a regularly 
scheduled mathematics class stating that during the next thirty 
Minutes, the investigator wished them respond to a few mathematical 
questions and that their responses would assist the investigator in 
attempting to devise a better mathematics curriculum. The teacher 
requested the full cooperation of the students and then left the 
room. 

The investigator then distributed a copy of the instrument 
to each student. He asked them to read the instructions on the 
first page which were: 

On the following pages you will be asked some 

questions related to Mathematics. These 

questions are in no way intended as a test or 

examination. You are requested to answer 

each question as best you can using the first 

thoughts that enter your mind. 

The investigator repeated verbally that the questions were not to 

be conside-~ed as a test of their mathematical knowledge since for 
most of the questions there were no right or wrong answers. The 
students were requested to read each item carefully and to raise 
their hands for assistance if there was anything that they did not 
understand. The importance of responding to each item as quickly 

as possible with the first thoughts that came to mind was emphasized. 


The students were given as much time as they needed to complete their 
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responses, which varied from twenty to forty minutes. 

Surprisingly, very few questions were asked by students 
and no difficulties were encountered in administering the instruments. 
At the end of the sessions, the students were thanked for their 


cooperation and all copies of the instrument were returned to the 


> 


investigator. 

An analysis of the responses to each of the items was then 
undertaken. Firstly, the responses of all students responding to 
each item were summarized. This summary was used to construct a set 
of mutually disjoint response categories for each item. It is to 
be noted that the resulting set of response categories for each item 
were based entirely upon the actual responses students gave and 
were not pre-determined. In fact, the process of analyzing the 
responses and devising appropriate categories to correspond to the 
various kinds of responses obtained for each item was a challenging 
and time consuming activity. 

Three judges were then requested to independently place 
each response to a given item in exactly one of the response cate- 
gories for that item. This procedure was used initially to determine 
the adequacy of the categories and later to determine the realibility 
of assigning each response to an appropriate category. 

As a result of this analysis, it was determined that a 
relatively small number of response categories for each item was 
adequate to account for all of the responses given for that item. 


Also, the procedure of constructing response categories and assigning 
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student responses to appropriate categories was considered feasible 


with larger numbers of students than that used in the pilot study. 


More importantly, however, these procedures were considered to be 


an effective way of summarizing student response patterns for 


further analysis and also of classifying the kinds of thinking 


exhibited by students in responding to many of the items. 


It was also determined from the pilot study that the 


mature of student responses to some of the items varied greatly 


depending upon the format or way in which the items were worded and 


presented. 


Fill an the blanks: 


As an illustration, consider the following item: 


fe) Thireewismamtactorsorsa24. 

Gia) Thireearemaetactomor mss 

(117) ts sthreesastactor, Or. 24. 352 

i) Six tswa tactor Ol 72. 

Grn) Sie alor oe ractorrOle st 325 

(iar) Usesi x= aetacton o1 8/2) 132? -. 
<) Nei Seo acCORsO lena. 

(Ci) eeUSEeETACCOTSODmmED. 

(ii) Lou Tce fa Gl Olio tea et ab. 


This item was included on two versions of the pilot instrument. 


Space was provided beneath the question es 


for the student to justify his conclusion. 


fT ae rtactor of = + be! 


On one of the pilot 
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instruments, the words "prove it" appeared. On the other, the words 
"How would you convince a friend that you are right if he disagrees 
with your last answer?" Several other items were presented on 

different versions of the pilot instruments in exactly the same way. 

Not surprisingly, perhaps, the words "How would you convince 
a friend, etc.?" produced many more Ree en responses than did the 
words "prove it!''. In fact almost all of the students responded to 
the words ''How would you convince a friend, etc.?" whereas only half 
the students responded to the words "prove iti". Also, the responses 
of both groups of students were in several respects quite different 
in nature. It is possible that many students did not understand what 
was meant by the words "prove it!". It appeared, however, that most 
students reacted to the words "prove it'' in a very formal manner and 
perhaps responded by relying to a large extent upon specific knowledge 
gained from their study of mathematics. This may explain why almost 
half of the students did not respond at all. Many of the responses 
that were given appeared to be based upon what the students perceived 
to be expected by someone in authority rather than upon their immediate 
subjective thoughts. 

On the other hand, students appeared to respond to the 
question "How would you convince a friend that you are right if he 
disagrees with you?" in a much more informal and open manner. Not 
only did a much higher proportion of the students respond to each 
item, but their responses in this case were considered to be much 


more indicative of their subjective thought processes than was 


é mT 


ores 


‘@ 


ad sacgnet! att ns “a ; 


oe kta 
7 


aad 


— 


’ 


A a cee aft (TioaKintt Sisco sob a. 3 ls 7 
, 


 samtvoas un &) fiw wat! “tov 3f¥. ~acansoq -¢tantél dere ie, 


’ 


ry 7 Wee 
z “eity fi dei. evepejeer | Nusa’ eco vebt beoobotg “Tare 
D ; 


; ; 7 4 reid — 
cI bai bptay cin a 1 jSuec 7 = - ee 7 ee ras sogat gl = °* it “S seaq” 
' 


= 7 . 
- ¥ i \ ” 
7 ‘ sa e 7 ¢ i? 4% ‘4 4 
t Jind ‘ fue “etry sal b as & cats a. a3 sevy yoy eH ity 10H ehvaw ody a | 
wite . : 
om 7 wen me aa P : I . ay ip teri Fe ; ts 2! o7 i) sbragi, 2 +309 j= 2 . 
: ipa 5 P 7 
i pieaG did at fap -foaGecéy dete, a S584 wansbaote in eguvemg sod a 
. #82 5 { -er ; 
3 : and a 
af : ; Fi ae oe , \T- azugs 
| ? Av Eyre 4 y on ni 5¢ r 7 4 be | a= Fg ; = F n> ‘ oe se -@ 
- a i 
. - i a 7 r 
7 tron JS) . 7 raaqye ern yee le 
7 Be pe eee | ort ie "a j i> 3G su Os IDS 22 
7 
- 
a 4 a Bj iv? 
| ister Ivony vi Pose 34tS G5 73 ; gnity tes Yo) Copnogeed 
| i Jeu i i {t 203 5 So Vous is 3 
- = —_ : 
> 4 enUresgesoy weld .«Fo pe wily ih » 1“ Ho ox Nh. i ae Sele 
“ ay 
i 
ne : ' 
: boyioe: a0. vi nshyis sil sed ogy hgisd. st oF Jenesite eyse oe 
‘ 
c a oo 7 4 r * * ‘ réy , . Oud: = 7 
Ss) ASDA sa: ug C3 , “i Ve + I 7m 26 Ti 


> ° jo) iveitent foye ‘vie leeittol sicessiouns Ml. “Tue¢ ike amguert 


‘nt 


teogent eihetyiir onl 3 tyltiodorg TSs) ri cigs B ma? 
4 i - - 


era Jeo eld) nF esened ay dnt fad 
} ios B 

tiquiwid dersos; cue thoils to oviees iin 
- ’ ~oore ' - 


evident in the "prove it'' responses. 

The importance of item format and wording was also 
indicated in another context. Several of the items used in the 
pilot study presented a mathematical situation from which students 
were asked to draw their own conclusions and then provide 
justification for it. However, it was found that in such cases, 
more often than not, students either did not respond at all or 
if they did, their conclusion was either irrelevant or meaningless 
with no attempt to justify it. Hence, in terms of determining the 
kinds of thinking students use in attempting to justify various 
mathematical conclusions and also in maximizing the number of 
meaningful student responses, it was considered necessary that 
students be asked to respond to items which contained an explicitely 
stated conclusion. 

As a result of these findings, it was decided that a more 
extensive study could be undertaken to seek answers to the specific 
questions posed in the statement of the problem. It was felt that 
the kind of information sought could be obtained by administering 
carefully selected items designed with the findings of the pilot 


study in mind. 


LI. INSTRUMENTATION 


As a result of the pilot investigation and in particular 
the observations relative to item format, some of the items 


constructed initially were considered inappropriate, others were 
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modified and new items were constructed. It was decided to write 
all items using a similar format. As a result, most of the items 
were written in the form of a dialogue between two hypothetical 
mathematics students. The dialogue was used as a means of presenting 
to students a mathematical situation in a manner that, it was hoped, 
they could easily relate to and Secor stands The dialogue was 
normally written in such a way that one of the hypothetical students 
presents or states a conclusion or generalization based, in some 
instances, upon empirical evidence. The second hypothetical student, 
iowever, either does not agree with the stated conclusion or else 
does not readily accept that the conclusion is a true statement and 
hence requests that the conclusion be justified. 

The students to whom the items were administered were 
normally requested to indicate which of the two hypothetical students 
they agree with or which in their opinion is mathematically correct 
and to justify the position they take. In other words, the students 
who were administered the instrument were normally given a choice of 
either accepting or rejecting the stated conclusion and were 
requested to provide their reasons for doing so. It was hoped that 
the students would respond freely to the dialogue in the same manner 
as those who were asked to convince a friend in the pilot study. 

Twelve items, referred to as situations, were selected 
and administered to students. The items selected are presented 


below together with a brief rationale. 
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SITUATION ONE 


Joe's Diagram 


Joe: "In my diagram, the altitude of triangle BEC is CD. 
Therefore the area of triangle BEC is (BG. GD). 
»ut the area of rectangle ABCD jis  BC.CD. Therefore, 
che area of triangle BEC is % the area of rectangle 
ABCD. The same is true in your diagram Tom." 


Tom's Diagram 


Tom: "I disagree with you Joe. My diagram is different 
from yours and I cannot say that something is true 
in my diagram just because it is true in yours." 


Joe: "Of couse you can. Because your diagram is not the 
same as mine doesn't matter." 


Tom: "I don't agree. Our two diagrams are different and 
8 8 
what's true in your diagram Joe, has nothing to do with 
what is true in my diagram." 
QUESTION: Whose side would you be on in the above discussion? 
Joe's Tom's or Neither 
WHY ? 
The main purpose of situation one was to determine whether 


or not students understand the application of the generalization 
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principle at least in geometric proofs. Symbolically, the 
generalization principle, as used in elementary mathematics, can 
be stated as follows: If P(x) .is a statement function which is 
proven for any arbitrary but fixed value of the variable x 
belonging to some domain D, then P(x) is DLOVensLOreal = x) itt 
Wie : 

Rosskopf and Exner (1955) illustrate the use of the 
generalization principle in proving a trigonometric identity such as 


2 


2. 
Se se S i ge Mew xe 


We choose some unknown or representative, but 

fixed, value of x and show that the equality 

is satisfied. Our next step is to state, 

either to ourselves or in words, since the 

equality is satisfied for a representative 

VeliceO tex; ee ChCheLLemMIsts Demsaristied forea lL! 

Va lueSmOLeE x En 290). 

Hence the substance of the principle is that one can substitute a 
variable for a fixed unknown in a proved statement. 

As an illustration of its use in plane geometry, consider 
the theorem "If a triangle is isoscéles, then the angles opposite 
the equal sides are equal." This is obviously a statement about 
all triangles that are isosceles. To prove this theorem, however, 
the normal procedure is to start with an arbitrary triangle ''ABC" 
in which "AC = BC" and deduce that "angle A = angle B". In the 
proof, "ABC’’ is considered to be an arbitrary but fixed isosceles 
triangle. It would be difficult if not impossible to permit "ABC" 


to vary from step to step in the proof. However, while "ABC" is 


considered fixed during the proof, it is perfectly arbitrary and 
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hence no further proof is required to show that the theorem is true 
for all isosceles triangles. In other words, the same proof will 
apply regardless of which isosceles triangle "ABC" is considered 
to) be. 

Since the proofs of most theorems in plane geometry are 
presented with reference to a fixed geometric figure, in order for 
students to fully understand the nature of such proofs, it is 
necessary that they understand the generalization principle. The 
Same argument applies in many non-geometric proofs as well. However, 
it is not clear that students actually do acquire the necessary 
understanding nor is it clear that teachers emphasize the importance 
Ormecnewcenerali zation pramciplescither inj theim teaching! on their 


testing. 
SITUATION TWO 


Joe has observed the following interesting pattern: 


(em geste Pondinuisiple by 3. Ke eWile=-8255 8 loudivicipien py sje 

fe —- ]1= 15 is divisible by 3. he =)! = 1023) 1S divisible by. 36 

ne ems edi visi plesDy —. ae el =94095) Visvdivisi ples by 3. 
Joe borrowed a calculator and found out that Lee 


is divisible by 3 regardless of what value of n- he tried. 
Therefore he came to the following conclusion: 
4" ~1 dis divisible by 3 for all positive whole numbers 
ns 


While Joe was working on this problem, Tom walked 
into the room. Tom looked at the conclusion and immediately _ 
stated that he was not convinced that Joe's conclusion was 
always trues) iom felt»that while the conclusion was true 
COCR Ie=ele ees, DoandeG etc... this did not rule out 
the possibility of there being some number for which the 
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conclusion was not true. 


But Joe disagreed with Tom. Whatever value of n 
he had tried on the calculator confirmed the truth of his 
conclusion and therefore as far as Joe was concerned, it 
was always true. 


QUESTIONS: (a) Whose side are you on? 
Joe's or Tom's |. 


Why? 


The conclusion presented in the above item is an inductive 
generalization of the numerical observations. It is a valid 
generalization of the specific numeric examples presented but 
without proof it is not necessarily a true statement. Hence this 
item was intended to assess the extent to which eridents either 
accept the empirical evidence supporting the generalization as 
constituting proof of the generalization or alternatively see the 
need for a deductive proof of the stated conclusion. In other words, 
what type of reasoning is considered adequate by students to justify 


Ghemsuacecameoneluasdomy 


SLTUATION THREE 
Joe and Tom are discussing factors: 


NOlteeOince, Gets a factoreor both, 24. andp) 33,6 theretore (3 
isva factor of 24 + 33." 


Tom: "That's obvious and you can say even more than that 
cowl owes Mel SeaetactorOm any twOuditterentenumbers, 
then 3 is a factor of the sum of those two numbers." 


Ne mobi PeVvOUnpUbe lt ethaleway, we Call goreyen further 
BidesayvetnaceLceany anteger No) 1s 9a factor ot two 
CLeerentetuimoers, sClicl  n) iSea factor of the sum 
of those two numbers." 


Ton ae NOPRLOORCASt JOC Vali | fis a factor or some number 
peeana i Ais a factor of another number q, can we 
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always conclude that n is a factor of their sum 


a ae 
Joe: "Of course." 
Pom ee enOteconvineced, = In fact I don't think that your 


conclusion is always true." 
QUESTIONS: (a) Who do you agree with? Joe or Tom 


(b) If you agree with Joe,-how would you convince 
Tom? 


(c) If you agree with Tom, how would you convince 
Joe? 


Situation three can be considered similar both in content 
and purpose to situation two. However, there was one major 
difference. In situation two, it was not expected that students 
would attempt to provide a formal proof of the conclusion presented 
there since to do so would require a knowledge of either the 
binomial theorem or the principle of mathematical induction. In 
fact it is doubtful whether many of the students were sufficiently 
knowledgeable to provide such a proof and this was one of the reasons 
for selecting the type of conclusion presented in situation two. 

The consiusion presented in situation three, however, was considered 
sufficiently elementary that most high school students should have no 
Ubeelen G si leprovicligeastormals proor CO justify it.  vences the 
objective was to determine whether or not the responses of students 
to situation three were any different in nature from the responses 


given in situation two. 
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SITUATION FOUR 


Joe has written a number of interesting equations, some 
of which are as follows: 


Be a Sale hem Se 
ey: Tom § 

Se See Oily 

geen Ogee TMS eS oF, 


From these equations, Joe concludes that for all integers 
cleands bs 


QUESTIONS :""(a)"*Doyou think that Joe's conelusion is true 
or false Z 


(bp) it you think thats Joe seconclusion is ’true, then 
State why. 


(e)Pettieyousthinkethat Woe:s conclusion isc false. then 
state why. 


(d) If you think that Joe’s conclusion is false, then 
what do you think might be a correct conclusion? 

Si rudtrOus OUn se (NOUCn similar inesome respects to situations 
two and three, differs in that the stated conclusion is incorrect. 
Hence the objective of this item was to investigate the extent to 
which students will either recognize this fact and attempt to 
provide a counter-example or accept the stated conclusion based upon the 
six numeric examples given. While it was intended that the items 
not force students to rely upon specific knowledge, in this case it 

tte, : 2 2 
was recognized that the algebraic identity a - b = (a-b)(atb) 


would be familiar to most students. Hence, to some extent, the 
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acceptance or rejection of the conclusion presented in situation four 


may depend upon how well students can transfer their knowledge. 


SITUATION FIVE 


Joe and Tom are discussing parallel.lines. 


Joe: "Suppose there are only four distinct points on this sheet of 
paper instead of an infinite number." 


ne SW) 
Dae AG 
Tom: "So you are imagining that the four points A, B, C and D above 


are the only points on this sheet of paper." 


Joe: "Right. Now, since two distinct points determine a unique line, 
these four points determine 6 distinct lines. Each of these six 
lines contains only two points. Do you see what the six lines 


are Tom?" 
Tom: ress: 
Joe: "Now remember that if two lines have no point in common, then 


they are parallel." 
COM acres 


Joe: "I claim that there are 3 pairs of parallel lines determined by 
the four given points." 


Tom: "That's nonsense, Joe. None of the lines determined by the four 
given points can possibly be parallel." 


Joe: "So you would say that the line determined by the points A and B 
(for example) is not parallel to the line determined by the 
DOintSs, Ceand 1)." 


Tom: Of course these lines are not parallel.” 


Joe: ‘“O.K. if these two lines are not parallel, then they must 
intersect in some point. Since there are only four points on 
the sheet of paper, the lines must intersect in either A, B, C 
or D. But clearly the line determined by A and B does not inter- 
sect the line determined by C and D in either C or D and vice cersa. 
Therefore, these two lines must be parallel." 
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51 
Tom: "I don't care what you say. The four given points do not 
determine any parallel lines." 
Joe: "But I've shown otherwise Tom, and in fact I can show that 


there are three pairs of parallel lines determined by the 
four given points." 


QUESTIONS: (a) Whose side would you be on in the above discussion? 
Joe's Tom's _ Neither 


e 


(b) Why? 


In their study of mathematics, students are often required 
to accept and reason from axioms and definitions that are not only 
unfamiliar but perhaps are contrary to their intuition or previous 
experience. It is normally assumed that students at the high school 
level are mature enough in the Piagetian sense, to reason, for example, 
from an assumption stated for the sake of argument or to understand 
the importance of definitions in the context of mathematical arguments. 
The simple non-Euclidean geometry presented in situation five introduces 
students to hypotheses and definitions which are perhaps contrary to 
their intuition, in an attempt to assess the extent to which students 
are willing to accept these statements and understand their use in 


the context of the argument presented to justify the stated conclusion. 
SETUAT LONG SIX 


Joe: "Tom, did you know that there is a way to show that 1 # 0? 
Tom: "No, how?" 


Joes Welly 2tecoeswlike*this: 
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1. Suppose that 1 = 0 
2. Let a and b be any numbers such that a # b. 
Semnoincesl€=\0. therefore a = a.] = a.0 = 0. 
‘eemeol mi arly ecincesl =. Qseb = byl = 95-0 =)0. 
5. Therefore a = b. 
Geb CEag=ebeisetalser and) so 1 ¢_0ne 

Tom: "But you started out by supposing that 1 = 0. How can you say 
something that isn't true. To me, it doesn't make sense to 
Suppose that 1 = 0 in order to show just the opposite." 

Joe: "I don't agree with you, Tom." 

QUESTIONS: (a) Whose side would you be on in the above discussion? 

Joe's or Tom's 


(b) If you are on Joe's side, how would you show Tom why 
you disagreed with him? 


(c) If you are on Tom's side, how would you show Joe why 
you disagree with him? 

The main objective of situation six was to determine whether 
or not students understand the logic of an indirect argument. 
Specifically, to what extent do students understand and accept a chain 
of reasoning which starts by assuming the negation of the statement to 
be proven. Alternatively, to what extent do students reject the given 


argument because it starts with an assumption known to be false. 


SITUATION SEVEN 


Joe has shown that the following statement is true for all 
real numbers x and y. 
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STATEMENT: Suppose x.y = U. If y # 0, then x = 0. 
Joe's argument is as follows: 


(a) Given x.y = 0 and y # 0 
(b) To show that x = 0 


eee Lela sea .OLOT es cece 0) 

2. For the sake of argument, suppose that x = 3. 

3) Sincegxsya=—e0.etherefores3.yi= Osandetherefore 1/3.(3.y) = 0. 

ee Utes ncesl a. (3) e=61, this meansathat. yesed. 

5. But y = 0 is false and so the supposition that x # O must be false. 

6. Therefore x = U. 

Although Joe's argument is correct, Tom does not understand it. 

QUESTIONS: (a) How would you explain Step 2 of Joe's argument to Tom? 
(b) How would you explain Step 5 of Joe's argument to Tom? 


(c) How would you explain Step 6 of Joe's argument to Tom? 


Situation seven is also concerned with the MUAITeer form of 
PLOOL am in contrast. to “iaereias six, however, the objective of this 
item was to assess the extent to which students understand the important 
steps in an indirect argument. In particular, will students more 
readily accept the statement "suppose that x = 3" in step two of 
situation seven than the statement "suppose that 1 = 0" in step one of 
situation six. Also, to what extent are students convinced that the 
statement in situation seven is proven as a result of the contradiction 


deduced in step five of the argument. 
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SITUATION EIGHT 


Joe: "Tom, in situation 7 on the previous page, I showed that for all 
Feaimuumnbeto we x ana y, 11 x.y ='O0 and if y ¢)0. then x = 0. 


Tom: "Yes, I see. However, I feel that your argument is completely 
unnecessary. Look, everybody knows that if x.y = 0 and y # 0, 


then x must be equal to zero. There is no need to show it." 


Joe: "I agree that everybody knows that this PLOpOSI Lion > true, bur L 
disagree that my argument is unnecessary." 


Lon meio, tte eeeeOomthen x= 0-01 fi7x =)08 then x = 0. and so-on. 
You don't have to give me any argument to show me that the 


proposition is true." 


QUESTIONS: (a) Whose side would you be on in the above discussion? 
Joels or Tom's 


(b) Why? 


The purpose of this item was to investigate the extent to 
which students see a need to prove a proposition which they may perceive 


as being intuitively obvious. 


SITUATION NINE 
STATEMENT A: Let f be any factor of some number n. If n is an odd 
number, then f is an odd number. 
HOctmee think that statement A is true Tom.” 
Tome tet me seer etien — Zi then the factors of nm are 1, 3, 7 and’ 21. 
mete oda aud all of its tactors are odd.” If nm = 45, then’) the 
PAceOLor Ole mates loo.) ). 9). and 45. Again’ mn issodduand- all 


of its factors are odd. So Statement A seems to be true Joe." 


Joe: "I also think that Statement B is true Tom." 


STATEMENDEBs eLet £ be any factor of some’numben mn. If £ is an even 
number, then n is an even number. 


Tom: "Why?" 
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Joe: "1. Since f is a factor of n, therefore n = f.m, where m is some 
integer. 


2. If £ is even, then f = 2.k, where k is some integer. 
Sem nereforesn = )t.m)=) (2.k).ms= 2. (km) - 
4, Therefore 2 is a factor of n and n is even. 


Tom: "But Joe, this only shows that Statement B is true. It doesn't 
show that Statement A is true." 


Joe: "Yesit does.” 


Tom: "I don't agree. Statement B has nothing to do with Statement A." 
QUESTIONS: (a) Whose side would you be on in the above discussion? 
Joe's Orelom.s v4 
(b) Why? 


The purpose of this item was to determine whether or not 
students recognize that a mathematical statement and its contrapositive 


statement are logically equivalent. 


SITUATION TEN 


Joe and Tom are discussing prime numbers. Recall that a prime 
number is a positive whole number other than one which is divisible 
only by one and itself. 


Joe: "I've been trying to find a formula which will always give me a 
prime number and I've finally succeeded Tom," 


Tom: "What is your formula, Joe?" 
fee 
Joe: free or tL 9 
Whew relearn tele Lo o— 1 + 17 = 17 
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Joe: "Well, that's only one exception and we can ignore that." 
QUESTIONS: (a) Whose side would you be on in the above discussion? 
Joe's or Tom's ? 
(b) Why? 


The purpose of situation ten was to determine the extent to 
which students recognize that a single counter-example to a stated 


proposition is sufficient to disprove the proposition. 


Suppose you are given as true the following facts: 


1) Tokyo is larger than Los Angeles. 
2) Toronto is smaller than Los:Angeles. 
3) Toronto is larger than Edmonton. 


Joe and Tom wish to show that Edmonton is smaller than Tokyo using the 
above facts: 


Joe argues as follows: Since Toronto is larger than Edmonton, therefore 
Edmonton is smaller than Toronto. Since Edmonton is smaller than Toronto 
and Toronto is smaller than Los Angeles, therefore, Edmonton is smaller 
than Los Angeles. Since Tokyo is larger than Los Angeles, therefore 

Los Angeles is smaller than Tokyo. Since Edmonton is smaller than Los 
Angeles and since Los Angeles is smaller than Tokyo, therefore, Edmonton 
is smaller than Tokyo. 


Tom argues as follows: Either Edmonton is smaller than Tokyo or it is 
‘larger than Tokyo. Suppose Edmonton is larger than Tokyo. Then since 
Tokyo is larger than Los Angeles, therefore Edmonton would be larger 
than Los Angeles. Since Los Angeles is larger than Toronto, therefore 
Edmonton would be larger than Toronto. But this would contradict the 
fact that Toronto is larger than Edmonton. Therefore, the original 
hypothesis that Edmonton is larger than Tokyo must be false. Therefore, 
Edmonton is smaller than Tokyo. 


Both Joe and Tom have shown that Edmonton is smaller than Tokyo. 
QUESTIONS: (a) Which argument would you have used? Joe's or Tom's 


(b) Why would you have used this argument? 
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The objective of this item was to present both a direct 
and an indirect argument based upon given hypotheses and to 
determine the extent to which students prefer one argument over the 


other and why. 


SITUATION TWELVE 


Joe: "All odd numbers greater than 627 are prime numbers." 
Tom: "Show me." 

T f hi P. . aus + 

Joe: 1. Suppose x is a prime number greater than 627. 


2. It follows from the definition of a prime number that the 
an kvecxacCtecaivisors@otwrarYerl andere tselr. 


mnererore =? cannot be an exact divisor of x. 


1S) 


Gwe *iheretore x "cannot pe even. 


9. Therefore x is odd. So all odd numbers greater than 627 
are prime numbers." 


QUESTION: How would you reply if you were Tom? 


The purpose of this item was to determine whether or not students 
distinguish between a mathematical statement and its converse and 
recognize that the two are not logically equivalent. Specifically, will 
students realize that the argument presented in situation twelve shows 
that the converse of the stated proposition is true whereas the 


proposition itself is not true, 


Iti. THE SAMPLE 


The instrument was administered to two hundred fifty-five 


grade eleven students in ten randomly selected mathematics classes from 
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nine senior high schools of the Edmonton Public and Separate School 
systems. All students were enrolled in an academic program designed 
to prepare them for the study of post-secondary mathematics. Table I 
gives a distribution of the sample by sex, age and class. 

Students at the grade eleven level were selected because 
the mathematics program taken by these students at both the tenth 
and eleventh grade levels were similar to programs offered at that 
level in many schools across Canada, whereas many of the grade twelve 
programs differ significantly. 

Since the instrument was administered near the end of the 
school year, each teacher was asked to rate each student on a low, 
medium, high scale with respect to mathematics achievement. The 


Gesules of tnissratane are summarized in lables li. 


IV TESTING PROCEDURES 


Initially, a request was made to both the Edmonton Public 
and Separate School Boards to administer the instrument in randomly 
selected grade eleven mathematics classes. As a result, six composite 
high schools in the public system and three in the separate system 
agreed to cooperate. The principal of each of these schools was contacted 
and a meeting arranged with each of the cooperating teachers. At each 
meeting, the nature of the project was explained and it was proposed 
that the instrument be administered to all students of a randomly 
selected class during a regularly scheduled mathematics period of 


approximately eighty minutes duration. As a result, times were agreed 
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TABLE I 


THE SAMPLE 
GROUP SCHOOL © MALES © FEMALES © MEAN AGE ‘NUMBER 
(MONTHS) 

1 A 19 10 189.8 29 

2 B 13 11 "190.0 24 

3 C 23 10 188.5 33 

4 C 18 7 188.9 25 

5 D 12 11 189.5 23 

6 E 17 14 189.4 31 

7 F 7 12 191.9 19 

8 G 5 6 192.3 iH 

9 H 15 17 188.1 32 

10 i 21 7 188.9 28 

TOTAL 150 105 189.4 255 


PERCENT 58.8 folie 


TABLE II 


MATHEMATICS ACHIEVEMENT LEVELS BY GROUP 


GROUP LOW MEDIUM HIGH TOTAL 
1 5 18 6 29 
2 4 oD 5) 24 
3 6 2M 6 3)3) 
4 3 de) a 25 
5 4 14 5 237 
6 / 16 8 3) 
7 2 15 2 19 
8 oh 5 3 Th 
9 = 19 8 BZ 

10 5 Ane, 4 28 
TOTAL = eet Uae 54 PSI) 


PERCENT ie 61.6 Zeere 
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upon for the administration of the instrument and teachers were 
requested not to inform the students in advance that they would be 
Participating min thissproject. 

The procedures followed during the administration of the 


instruments were as follows: At the beginning of each class, the 


cooperating teacher introduced the investigator and requested the 
Students to cooperate fully. Once the teacher had left the classroon, 


the investigator explained his reason for being there as follows: 


"My purpose in being here today is to present 
you with some mathematical situations which you 
can read and think about. In general, each 
situation consists of a dialogue between two 
hypothetical mathematics students called Joe 
and Tom. After reading the discussion in 

each situation, you will find several questions 
related to that particular situation. I wish 
to emphasize that these questions are not to be 
considered as some sort of test or examination. 
In fact, your responses to these items cannot © 
be classified as right or wrong. The whole idea 
is to find out how you relate to the situations 
presented and to let you present your own ideas 
and thoughts, not those of someone else. As 
BBbeSULE me yOUsWil LaDeeassiG ting ome ein wy 
attempt to devise and propose some alternative 
ways that mathematics can be presented and 


studied at the high school level," 


A copy of the instrument was then distributed to each 
student. The first page of the instrument contained the following 


TMS CLUCELOMS: 


On the following pages you will be asked some 
questions related to mathematics. These questions 
are in no way intended as a test or examination. 
You are requested to read the discussion on each 
page carefully and answer each question in the 
space provided using the first thoughts or 
opinions that enter your mind. 
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Students were requested to provide the following information: 


Name of School 
Student's name 
Male Female 
Date of birth 
Teacher's name 


It should be noted that on three of the pilot instruments, students 
were requested to provide similar information, while on the other 
three they were not. It was determined, however, that the 
response patterns of students who were asked to write their name 
on the instrument were no different from those who were not 
requested to do so. 

After the instruments were distributed, students were 
asked to read the instructions and provide the requested information. 
They were also asked to raise their hands for assistance if there 
was anything they did not understand or when they had finished 
responding. As was the case in the pilot study, very few questions 
were peted by students indicating that most students felt comfortable 
with the instrument and understood what was expected of them. Also 
students appeared to have ample time to complete responses to each 
of the items administered since most did not require the full 
eighty minutes. 

It should be noted here that as a result of the pilot study, 
it was determined that ten minutes for each item was sufficient time 
for students to respond. Hence, students were requested to respond 
to eight of the twelve situations. Situations one to seven were 


administered to all students and situations eight to twelve were 
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administered at random so that approximately twenty percent of the 


sample responded to each of the last five items. 


V. THE CATEGORIZATION SCHEME 


As was the case in the pilot study, the responses of each 
student to each of the items were analyzed by three independent 
judges. Initially, one of the judges, namely the investigator, 
examined the responses to each of the items. Asa result of this 
examination and the experience gained in the pilot study, a 
proposed classification of responses was devised. This 
classification consisted of a set of mutually disjoint response 
categories -for each item. As with the pilot study, the response 
categories were not pre-determined but were based upon the kinds 
of responses that students gave to each of the items. 

When the proposed classification scheme was completed, the three 
judges were asked to independently place each response to a given 
item in exactly one of the response categories for that item. This 
procedure was used initially to determine the adequacy of the proposed 
categorization scheme. As a result modifications to the proposed 
scheme were suggested. The modifications consisted mainly of 

adding new categories for some of the items or defining existing 
categories more sharply. 

The resulting categorization scheme which was used to 
summarize student response patterns and also to classify the kinds 


of thinking exhibited by students, is presented below for each situation. 
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SITUATION ONE 


Category: Description of Category: 
1 (a) No response; (b) No meaningful response. 
De Joe's conclusion that the area of triangle BEC is one- 


half the area of rectangle ABCD is rejected and reasons 
given supporting the rejection. 

S. Joe's conclusion is accepted but it does not apply to 
both diagrams for reasons such as: (a) the two 

iagrams are not the same, or have different measure- 
Menesvor atemneteconcruent;)ors(b)s theyconelusion is 
not generalizable to all other such diagrams. (All 
responses in this category indicate a lack of under- 
standing of the generalization principle.) 

4, Joe's conclusion is accepted but proof is required in 
order to show that it applies to both diagrams. 
(Responses in this category include incomplete or 
incorrect attempts to provide such a proof.) 

5. Joe's conclusion is true for both diagrams but the 
reasons given make it difficult to =eeiicin Sne or 
not the student understands the generalization principle. 

Ge Joe's initial conclusion is true for both diagrams 
because the area of a triangle is always one-half the 
baseweinesethietadtitudess Includedjin thisecategory are 
all responses which show some understanding of the 
generalization principle. 

0. The response does not appear to fall in any of the above 


categories. 
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SITUATION TWO 
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Description of Category: 


(a) No response; (b) No meaningful response. 

Joe's generalization is considered invalid on the basis 
Oteawetalse, | counter-example such as: ieateis not 
divisible by 3 when n = 0. 

Joe has made a correct generalization based on the 
examples given and this generalization is always true 
because: (a) Joe has given a sufficient number of 
examples: tO proverit, or (Db), tteis impossible for Joe 
to verify it for all positive integers individually, 
and since it is true in ali the cases he tried, therefore 
it must be. true always. 

Joe has made a correct generalization, but it may not 
be true for all positive integers because Joe has not 
testedmiG enauch on tried all of the possibilities. The 
responses in this (and the previous) category are 
characterized by thinking considered to be inductive in 
nature. 

Joe has made a correct generalization, based on the 
evidence presented, which is always true because Tom 
has not provided a counter-example or any reason why it 
TeenoOt clues included in thisscatezory are: Chose 
responses which indicate that any proposition in 


mathematics is true unless or until it is proven false. 
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SITUATION THREE 


Category: 
Li 


2. 


66 


Description of Category: 
Joe has made a correct generalization based on the 
evidence presented but the generalization may not be 
true for all positive integers because it is possible 
that a counter-example exists. 
Joe has made a correct generalization based upon the 
evidence presented but this evidence does not constitute 
proof of Joe's generalization. Responses in this 
category include complete, incomplete or incorrect 
attempts to prove Joe's generalization. 
The response does not appear to fall in any of the above 


categories. 


Description of Category: 
(a) . No response; (b) No meaningful response. 
Joe’S proposition 1S untrue? (a) because 3 1s "not! a 
factor of 57 as indicated in the first statement of this 
item; (b) because a counter-example to the converse of 
Joe's proposition was provided; or (c) because some 
other "invalid" counterexample was given. 
No definite position is taken with respect to the truth 
Orevoe sepropositiones Included ainethis» category are those 
responses which consider and present arguments (sometimes 
contradictory in nature) supporting the points of view 
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SITUATION FOUR 


Category: 
14 
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Description of Category: 


Joe's proposition is always true and Tom can be 

convinced by providing him with a "sufficient" number 

of confirming instances of the proposition, 

Joe's proposition may or may not be true because not 
enough confirming instancés of the proposition have 

been provided. 

Joe's proposition is always true because no counter- 
example to the proposition has been or can be provided 

by Tom. Tom can be convinced of this fact simply by asking 
him to produce at least one counter-example. 

Joe's proposition may not be true (a) as can be demon- 
strated by providing a counter-example; or (b) because 

it is possible that a counter-example exists. 

Joe's proposition is always true and Tomican be convinced 
Dye Providing Dims withea prool of the proposition: 

Joe's proposition is always true and a complete, incomplete 
OLeInecoereect proc. provided. 

Responses which do not appear to fall into any of the 


above categories. 


Description of Category: 
(a) No response 
(b) The response is clearly based upon meaningless or 


irrelevant considerations. 
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Category: 


SITUATION 


Category: 


FIVE 


Description of Category: 


Joe has made a correct generalization based upon the 
evidence presented. 
The evidence given is insufficient to support any 
conclusion. 
Joe's conclusion is rejected but a valid reason is not 
given. 
Joe's conclusion is rejected (a) by providing an explicit 
counter-example; (b) by appealing to the identity 

2? 
a. —b) 4=) (a-b) (atb)5 ore (c) for other valid. reasons. 
Joe's conclusion is rejected and a correct generalization 
given based upon the evidence presented. 
The response does not appear to fall in any of the above 


categories. 


Description of Category: 
(a) No response; (b) No meaningful response. 
No definite Seen ota is taken with respect to the truth 
of Joe's conclusion. Included in this category are those 
responses which consider and present arguments (often 
contradictory in nature) supporting the points of view 
of both Joe and Tom. 
Joe's conclusion is rejected because of an apparent 


refusal to accept and use the given definition of a line 
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Description of Category: 
in this geometry. Normally, responses in this category 
refuse to accept any definition other than the Euclidean, 
thereby ignoring or refusing to accept the hypothesis of 
only four distinct points. 
Joe's conclusion is wee cicile accepted. Responses in this 
category, among others, accept the proposition that two 
pairs of parallel lines exist but not three. 
Joe's conclusion is accepted because Tom has not 
provided any justification for the position he takes. 
Joe's conclusion that there exists three pairs of parallel 
lines in this geometry is accepted. Responses in this 
Category justify the tcruth’ of Joe's’ conclusion by 
stating that the argument given follows from the definitions 


and assumptions given. 


Joe's conclusion is accepted and justified by showing 
thateone or both Of Lherother two pairs of lines are 
parallel. 

Responses which do not appear to fall into any of the 


above categories. 


Description of Category: 
(a) No response 
(b) No meaningful response. 


Joe's argument is valid and yet it isn't. Responses in 
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Description of Category: 


this category agree with both Joe and Tom and present 
arguments for both sides without realizing the 
contradictory nature of such a response. 

Joe's argument is rejected because it is "invalid" to 
"suppose that 1 = 0", Responses in this category do not 
appear to accept the reasoning from a hypothesis which is 
considered to be "false". 

Joe's argument is rejected because of an apparent lack 
oi understanding of the role that the hypothesis in step 
one plays in the suceeding argument. 

Joe's argument is rejected because the reasoning in 
steps 3, 4, and/or 5 of the argument is considered 
invalid. 

Joe's argument is rejected because of an apparent lack of 
understanding of what the contradiction in step 5 really 
means. 

Joe's argument is accepted but the reasons given indicate 
an acceptance of authority rather than an understanding of 
the methods used. 

Joe's argument is accepted and the justification given 

is considered to be based on a peripheral understanding 
of the methods used. Responses in this category include, 
where appropriate, those which suggest that one can show 
that a statement is valid by demonstrating that its 


negation is false or contradictory. 
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Category: Description of Category: 
OF Responses which reflect a mature view of the method of 


indirect proof. 


Os Responses which do not appear to fall in any of the 


above categories. 


SITUATION SEVEN 


Category: Description of Category: 
1 No response. 
os Response displays a complete lack of understanding of 


the methods used. 

36 The role of the hypothesis in step 2 of the argument is 
not adequately explained. | 

4, The hypothesis in step 2 is adequately explained but the 
CONnebadtetLOn sine Stepeo pS NOL. weKReCSPONSesSeinetnis Category 
include those which argue in a circle by assuming the validity 
of the proposition being proven in order to explain step 5 
of the argument. 

oe The explanations given are judged to be based on an 
acceptance of authority rather than an understanding 
of the methods used. 

G: A mature understanding of the argument given is indicated 
by adequate explanations of steps 2, 5, and 6. 

QO. Responses winiah ate not appear to fall in any of the above 


categories. 
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SITUATION EIGHT 


Category: Description of Category: 
ine (a) No response; (b) No. meaningful response. 
are It is intuitively obvious that Joe's proposition is valid 


for all real numbers x and y and hence no more convincing 
evidence (proof) is required. 

5% Joe's proposition is intuitively valid for all real 
numbers x and y, but a proof is required. Responses in 
this category are judged to be based upon an acceptance of 
authority rather than a mature understanding of the 
necessity £or proof. 

ue Even though Joe's proposition may be considered to be 
intuitively valid for all real numbers x and y, a proof 
is required to show its validity beyond all doubt. 
Responses in this category are judged to possess a mature 
understanding of the need for proof. 

0. Responses which do not appear to fall in any of the above 


categories. 


SITUATION NINE 


Category: Description of Category: 
LE. (a) No response. 


(b) No meaningful response. 
bas Statement A or B is shown to be “invalid" by providing 


a counter-example to its converse. 
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Category: 


SITUATION TEN 


Category: 
the 


ot 


Description of Category: 
Response indicates that there is no relationship between 
statements A and B. 
Response indicates that there is a relationship between 
A and B, but the nature of this relationship is not 
clearly explained or the explanation given is invalid. 
Response indicates that statements A and B are equivalent 
because one is the contrapositive of the other. 


Responses which do not fall in any of the above categories. 


Description of Category: 


(a) No response; (b) No meaningful response. 

Joe's claim is true because it is true in the majority of 
instances. 

Joe's claim is true because n = 17 might be the only 
exception. 

Joe's claim is untrue because n = 17 is a counter-example 
and this is sufficient reason for the claim to be rejected. 


Responses which do not fall in any of the above categories. 


SITUATION ELEVEN 


Category: 


Descrlpricn OL CaLeeOnuy. 


(a) No response; (b) No meaningful response. 


73 


ove cr. 
are 


ane 


amino sien iibes put svaits 3 ak bo? sat wi 
you ef qtrmiatutor ares ‘uh set . fad * oe a 
Al tent oi navi | crs St 16. BREET ES kris 
suatevinps sya 2 bing, A 2iasmeseia jetta, esteanpot ganoqnas 


swilst-ante Yo avi iteoget hod $d3 Si sae Seuapad 


. 


eekicesie> iveda aif) Wo yoo AP Lat) sorlen See a saneqeat 


a 4, LICE 4 ih User 
, 4 
Ay s& *« i wes “$x oage 
~seuoqesz [ujah isa of (0) [9enoqenT oF (oe) 
ip 
te Ackrywohee oi 7-08, avi cf $f sopensed Ey ek 662. ¢ ebt 
225m) St 
Z 
\ : : <a : ~ a a) re | 
Vite 57) 62 dtato yl 2 a2 S2yaie0 Sus3 ef uel s aol 
\ : ° Ar 7 
; 6- 
hit Lagan 
Slarkee-seauoo co ak Vi = 9, vevases pps gu ek olala le See 
j i 7 ,* — 
5 eeeicarer sd-o7 wial> af3.167 aGe8s) naka oe ai ads one 
. i 
4 7 7 e ; i= 
a@ett0gasian Ssvods> sic 30 yis-ak Lit dor oly Hod ipas ae aanqeea 
' a ; . 
4 a4, ya 
ee ae 216 ; 
eee si 
nak : ts ve 7 
' a ° 
0 ¢ ’ : ‘< 7 I, 


7 he, PY 


a > 


ny 
Pe 
- + 
i. 

- 


Category: Description of Category: 
oe The direct argument is selected because it is easier 


to follow whereas Tom is arguing backwards. 


ae ‘The indirect argument is selected because it is less 
Savarese 

(igs Responses which attempt to justify both arguments. 

OF None of the above. 


SITUATION TWELVE 


Category: Description of Category: 
ie (a) No response; (b) No meaningful response. 
25 Joe's Bravos {t ion is true because he has proved it. 
3 Joe's proposition is true only if he can prove it for any 


specific number greater than 627 that is selected. 


(Bos Joe's proposition is rejected and a counter-example 
given. 
a, Joe's proposition is rejected because his argument is that of 


the converse of the stated proposition. 


ihe NoOnecrOlmEGEinemabowmer 


The above categorization scheme was considered by all three 
judges to be adequate to account for the responses of all students to 
each of the items. Once this had been agreed upon, the procedure of 
having each judge independently place each response to a given item 


in exactly one of the response categories was repeated, so that the 
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reliability of placing a given response in the appropriate category 
could be determined. 

Cohen's coefficient of agreement for nominal scales 
(Cohen, 1960) was used to determine inter-judge agreement. The 
coefficient of agreement k was determined for the first seven 


situations with the following results: 


SITUATION: 1 2 3 4 5 6 7 


les Oe Oe OO OmmELO OO OC gee UE See On OO 63 


It should be noted that the coefficient k is simply the proportion of 
chance-expected disagreements which do not occur. In other words, k 


is the proportion of agreement after chance agreement is removed from 


consideration. When obtained agreement equals chance agreement, k = 0. 


Greater than chance agreement leads to positive values of k, and less 
than chance agreement leads to negative values. The upper limit of k 


is +1, occuring when there is perfect. agreement between the judges. 


Vi. THE SCORING AND ANALYSIS OF RESPONSES 


The response categories for each item, given in the previous 
section, were numbered so that responses placed in a low numbered 
category were indicative of a lower level of thinking than responses 
placed in a higher numbered category. This attempt to order the 
response categories in a hierarchy was carried out so that a common 


scoring scheme could be devised for each item. 
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Consequently, the categories for each item were divided into four distinct 
classes which were assigned scores of 0, 1, 2 and 3 respectively. 

The categories assigned a score of zero were those for which no meaning- 
ful response was given. Scores of 1, 2 and 3 were assigned to SASSI ae 
which were considered to represent, respectively, low, medium and high 
level responses. The scoring scheme devised for each situation is 
presented in lable Ii. 

This scoring scheme was devised in order to-carry out a 
statistical analysis of the response patterns of students and in 
oencnenien: to test the hypotheses stated in Chapter I. In this respect, 
hypothesis one was tested using a one-way analysis of variance. 

Hypotheses two and three were tested using Pearson correlation coefficients. 


Hypothesis four was tested using a two-tailed t-test. 
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TABLE III 


RESPONSE SCORING SCHEME 


CATEGORY 
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CHAPTER IV 


RESULTS OF THE® STUDY 
I. DISTRIBUTION OF RESPONSES BY CATEGORY 


The distribution of student responses by category for each 
Sitiationeeisereportedsin this Section, Tn addition, in order to 
indicate the nature of student responses to each item, examples of 
typical responses assigned to each of the response categories are 
presented and discussed. A total of two hundred fifty five students 
respondcedto situations one through seven and approximately fifty 


students responded to each of the remaining five items. 


A. SITUATION ONE 


Thesdisteribuelon O21 sresponses, LOrmoituation oneris 
presented in Table IV. As indicated, nine percent of the students 
did not respond at all or gave no meaningful response. Exactly 
nineteen students disagreed with Joe's original conclusion. A 


typical response assigned to category two was: 


Cale Whose side would you be on in the above discussion? 
Response. ‘'Neither.” 
(b) Vhy? Response: "In order for a triangle to have half the 


area of a rectangle, one side of the triangle must be a 
diagonal of the rectangle"; or ''The area of thestrdaneleaas 
not vp) BCADG 1 is V5 CE.BE. Therefore, both statements 


Aree tals eau. 
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TABLE IV 


DISTRIBUTION OF RESPONSES BY CATEGORY FOR SITUATION ONE. 


GROUP CATEGORY TOTAL 
ik Je 3 4 =) 6 0 
ib 2 iI 5) 2 7 8 0 20 
2 3) 0 2. 0 ey tal 0 24 
3 it 4 eZ i 9 6 0 ox) 
4 0 4 8 3 5 5 0 2 
5 3 i 3 Ve 5 ye) 0 23 
6) 8 ih 6 5) Z 4 0 oul 
y; ih 5 6 0 =] 6 0 1) 
8 iE Z 3) 2 th 2 0 TL 
o 18 a i 4 7 18 0 a2 
10 =) 2 il sp ame) 9 0 28 
TOTALS us 19 on Bes Asy 78 0 17a) 
PERCENMeo* Ol i>) 820.0738 6°" 247533056 0 
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Since the students to whom the instrument was administered 
were in the highest mathematics stream of each school, it was 
surprising to find that over sixteen percent of these students 
either did not respond at all or else considered the proof given 
in situation one to be invalid. 

Twenty percent of the students responded in category three. 
These students appeared to accept the argument which shows that in 
Joe's diagram, the area of the triangle is one-half the area of the 
rectangle. However, they disagreed that this argument is valid in 
the context of Tom's diagram. A typical response was: 

(a) Whose side would you be on in the above discussion? 

Response arewom se 
(b) Why? Response: ''Because you cannot assume that something 

is true by just one try. Just because one case is true 

doesmitimean that-allothers; are," 
Evidently, students responding in category three do not realize that 
theetwo diagrams presented! invsituation onesillustrate two special 
cases of the same general proposition, or if they do, then they 
appear to be suggesting that the one instance where proof is provided 
does not constitute proof of the general proposition. As a result, 
these students were considered not to understand the essence of the 
generalization principle. 

It should be noted, however, that the reasons given by 
these students for not accepting Joe's argument in the context of 


Tom's diagram are similar to the reasons given by students who 
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argued that a deductive proof was necessary to prove the proposition 
presented in situation two. In fact, as will be discussed in the 
next chapter, many of the students who stated correctly that an 
inductive argument does not constitute formal proof of the 
conclusion presented in situation two, appeared to use the same 

kind of thinking incorrectly in responding to situation one. 
Evidently, many of these students did not recognize the subtle 
distinction between the conclusions presented. in situations one 

and two. 

Student responses assigned to category four differed 
slightly from those assigned to category three. Students 
responding in category four appeared to realize that the two diagrams 
presented in situation one do represent two special cases of the 
Same general proposition. In other words, these Students accepted 
without question the conclusion that the area of the triangle was 
one-half che area of the rectangle in both diagrams. However, 
these students aiso did not feel that the argument presented was 
Stini Meten etons us Clove rnise cOncius lon, ands theretore suggested 
explicitly that it was necessary to prove that the conclusion holds 
in the case of Tom's diagram. A typical response in category four 
was: 

(a) Whose side would you be on in the above discussion? 
Response 210m S7.! 
(b) Why? ''Joe should have tomproves thatathesseme 1S tivesin. tom's 


diagram. Just saying so cannot be accepted by everyone, 
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especially those not familiar with the principles involved." 
Approximately fifty-five percent of the students responded 
in categories five and six. The responses assigned to these categories 
indicated that these students did understand that the argument 
presented was valid for both diagrams and that no further proof is 
necessary. However, responses assigned to category five were less 
convincing than those assigned to category six. A typical response 
in category five was: 
(a) Whose side would you be on in the above discussion? 
PESpOnSe se be OStS 
(b) Why? "It doesn't matter how you draw the diagram; just be 
sure the letters correspond with each other; the lines don't 
Wavescoaverexact.. 
This response may be compared with a typical response assigned to 
category Six: 
(a) Cees 
(b) ‘Because Joe is dealing with the mathematics of, or the 
principles behind the areas of the rectangles and triangles. 
Diagrams are just illustrations of these ideas and cannot be 
considered as graphically correct in their construction in 


comparison to what is mathematically correct." 


B. SITUATION TWO 


The distribution of responses for situation two is 


presented in Table V. As in situation one, approximately fifteen 
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TABLE V 


DISTRIBUTION OF RESPONSES BY CATEGORY FOR SITUATION TWO 
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percent of the students either did not respond at all or attempted 
to show that Joe's conclusion was untrue. All of the remaining 
students, nowever, did not appear to doubt the validity of Joe's 
generalization based upon the empirical evidence presented. However, 
less than ten percent of these students saw any need for a formal 
deductive proot of? the» conclusion.” In fact, it was evident that 
most students do not realize that induction is inadequate to justify 
a mathematical proposition of the type presented in situation two. 
More than fifty percent, of the students responded in 

categories three and four. Those responding in category three 
argued that Since Joe's conclusion was true in the special cases 
enumerated, therefore it must be true for all positive integers. 
Typical responses were as follows: 
(a) Whose side are you on? Response: ''Joe's." 
(b) Why? Response: ''There is little chance of there being 

a number that doesn't work if you get past ten." or 

ON ter a certain amount of tries, a conclusion has been 

reached. It would be impossible to prove every number, 

so you have to take it atface value that if a theorem 

is true for numbers one to twenty, it must be true for 

twenty-one." 

Students responding in category four also argued inductively 

stating that it is impossible to prove Joe's conclusion true for all 
positive integers since there are an IfLinilte mumber OL Cases eto 


consider. Typical responses in category four were: 
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(a) Whose Side are you on? Response: "Tom's." 

(b) Why? "Because in order to prove it true, Joe would have to go 
through every number in the system and since the positive 
number system is infinite, this is not possible." or "Always 
eamamlOt sof (times Sev osbexabsolutely sure thateit was always 
true, Joe would have to try every positive number. This is 
impossible, however, so Joe cannot say always. He may say, 
however, that it is reasonable to assume that it may always 
pewcriue; © 

Students responding in category five also believed that 

Joe had provided adequate proof of his conclusion. However, the 


reasons given by these students were different from those given by 


the other students. They suggested that any proposition, in Mathmatics 


Poe bt ilewurihes Savini Mente sS aproven false. As a result, they 
appear to be arguing that since no counter-example can be found to 


contradic Jde siconcdusion, ttethereforewis automatically a true 


Slatemoume stypicalleresponseminecategory five was: 
(a) eee emo ewe ree, CUNO sheSUONSe a JOCtS a! 
( Toa hesvonse: 6 JOe had Obviously puG some serious thought 


and effort into his observations. By using both his head 
end ca culatou, Ne could mot prove nis conclusion wrong. 9350 
his Pore iseian Saurus Un tileie Or SOMeOneselSesprovese iL 
wrong.'"' or "Because Tom didn't show an example that disproved 
Joe Seconciusion. 

Responses assigned to category six indicated that Joe's 


conclusion may not be true since, without formal proof it is possible 
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that a counter-example exists. A typical response assigned to this 


category was: 

(a) Whose side are you on? Response: "Tom's." 

(b) Why? Response : "Although Joe's conclusion was right and all 
numbers he tried worked out correctly, one cannot rule out the 
fact that there is always the possibility that one number may 
not work." 

Very few students indicated that the only adequate 
justification for Joe's proposition was some form of formal proof. 

In fact, only sixteen students responded in category seven. A 

typical response was: 

(a) Whose side are you on? Response: "Tom's." 

(b) Why? Response: "Joe may be right but I'd agree with Tom because 
in. the eenmlos Uavite cis ah - 1 is divisible by three but one 
cannot draw the conclusion that because it works in some eat 
Ttewilimworkmtor allie Numbers go on toOeintinity and 1 think 


more proof would be necessary." 


Gano LU AION STH REE 


The distribution of responses. for situation three is 
presented in Table VI. As was indicated in the rationale for 
Situation three, the objective of this situation was similar to that 
of situation two. However, since the conclusion presented in 
three was not supported by the same amount of empirical evidence, 


and also since it was believed that most students would have no 
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TABLE VI 


DISTRIBUTION OF RESPONSES BY CATEGORY FOR SITUATION THREE. 


GR OUP eee RMN Ea geeiers eC ATIC OR VA esse en Se oe TOTAL 
ii 2 3 4 5 6 7 8 9 0 

1 4 2 3 8 0 6 1 2 3 0 29 
2 5 1 4 6 0 6 0 2 0 anes 
3 2 4 Ls 7) 0 3 1 3 1 E33 
4 1 : 0 10 0 5 2 2 Pa 0 23 
5 4, 0 2 8 1 2 1 3 1 Ly 28 
6 5 2 7 7 Z 4 4 2 3 ast 
7 0 Z 0 10 0 4 4 0 0 0 19 
8 0 3 3 0 0 3 0 0 0 rg oe 
9 0 1 (hegmen Shs 1 7 : 4 2 page 67 
10 d 1 Ve okt 0 3 3 5 1 0 28 
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difficulty)in presenting a formal proof of this conclusion, an 
attempt was made to determine whether or not the distribution of 
responses for situation three was any different from that of 
Situation two. 

In order to compare the distribution of responses of 
situation three with that of situation two, a four by four 
contingency table summarizing the distribution of scores for both 


Situations. was constructed as reported in.Table VII. 


man 


TABLE VII 


DISTRIBUTION OF SCORES ON SITUATIONS TWO AND THREE 


SITUATION THREE SCORES 


0 1 Z 3 TOTAL 
SITUATION TWO SCORES 0 12 15 8 i) 38 
i oh! Sb 39 185) 136 
2 2 16 ag 1S} 60 
3 4 ve 0 6 21 
TOTAL De; 93 66 37 2D 


Chi-square = 18 
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8 with nine degrees of freedom. 
Probab lity = Z 
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To test the null-hypothesis of independence between the 
scores of situations two and three, a chi-square test was performed 
which resulted in rejection of the null hypothesis at the 0.05 level. 
Hence, the distribution of scores for situation three was not 
Significantly different from that of situation two. 

An examination of Table VI shows that approximately 
emphteen percent of the Students either did not=respond or el'se 
concluded that Joe's conclusions were untrue. A osu Nee of students, 
Stirpriomely, scldenot meree that three wased’tactor jot fifty-seven since 
it was claimed that fifty-seven is a prime number. 

Students responding in category three could not decide 
whether Joe's conclusion was true or false. As an illustration, 
consider the following response: 

(a) WiOsdOmyOUrderee wa Cli =e hesponsc. == JOCsand 10mm. 

(b) If you agree with Joe, how would you oe Tom? 
Response: "I would challenge Tom to find two numbers for 
which Joe's conclusion does not hold." 

Gey If you agree with Tom , how would you convince Joe? 
Response: "I would ask Tom to find a number that does not 
agree with Joé's conclusion." 

This response is interesting in that it incorporates two 
distinct lines of thinking. On the one hand, the student is 
suggesting in (a) that since no counter-example can be found, 
therefore, the conclusion must be a true statement. However, in (b), 
the student suggests quite correctly that since a counter-example may 


exist, Joe's conclusion is not necessarily ture. Approximately 
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twenty-five percent of the students used the same kind of reasoning. 
However, most did so to justify that. Joe's conclusion was either 
true or false but not both. These responses were assigned to 
categories six and seven and will be discussed later. 

Student responses assigned to category four were identical 
to those assigned to category three of situation two. These students 
again did not realize that induction was inadequate to prove Joe's 
conclusion and contrary to expectations very few students saw a need 
oy attempted to provide any kind of. formal proof of the conclusion. 

Studentsmrespondine in catesoryisix concluded that Joe's 
proposition is true because no counter-example has been or can be 
provided by Tom. A typical response in this category was: 

(a) Witos do syoupeeree with? VResponse wer'Joce! 

(b) Howswouldsyoutconvance fom? Response: | Tt would try out quite 
a few numbers and if Tom still wasn't convinced, I Roald ask him to 
show me one instance that wouldn't work." 

Pee Se OSS OVemL in Ces LUGE ES suse tITLSeKincnOr a7 eument 
when the proposition under consideration is one which they consider 


to be intuitively obvious. 


Assim Ssituaerom two, some Students felt that Joe's conclusion 


WavyenOhm Der Liiessilce sawichout toOrmal Proot,|it 1S possible that a 
counter-example exists. It was evident that these students do 
realize that induction is inadequate, as the following response in 
cagegory seven indicates: 

(a) Who do you agree with? Response: "Joe." 


(b) How would you convince Tom? "By using different examples. 
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There would, however, be the remote possibility of one number or 
momen nOteworking. galnerefore, the conclusion cannot, be totally 
proven using examples." 

Only fourteen percent of the students suggested that some 
form of deductive proof was necessary to justify Joe's conclusion 
and only thirteen students attempted to Anes a formalyproor. A 
number of these students obviously had the right idea but could not 
SymDOltze i tnesprodlecorrectly. ase1llustrated in this example: 

(a) Who do you agree with? Response: "Joe." 

(b) How would yousconvance Tom? Responses | "if would tell him that 
Tomiie was chcesaniceli DOtimeaScCSomi len Dem aid ) (a aidelr | pl aWwas 
divisible by n and if n was again the same number and q 
was also divisible by n, it follows that the sum would also 
DewOIy ts Oem Dva ile. 


Contraryeto expectations, at most three or four students 


gave what might be considered an acceptable proof of Joe's conclusion. 


D. SITUATION FOUR 


The distribution of responses for situation four is 
presented in Table VIII. Almost all students responded in a 
meaningful way to this item. However, approximately thirty percent 
of the students considered Joe's conclusion to beatrue statement 
for which no additional proof was necessary. Typical responses 
assigned to category two were: 
(a) Do you think that Joe's conclusion is true or false? 


Responses me truce. 
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TABLE VIII 


DISTRIBUTION OF RESPONSES BY CATEGORY FOR SITUATION FOUR 


a Tee 


GROUP CATEGORY TOTAL 
1 #4 3 4 5) 6 0 
is 2 6 0 6 6 : 9 0 KS) 
2 0 a 0 Zz 4 ”) 0 24 
3 0 16 0 0 5 14 0 53 
4 0 if 0 2 2) i 0 BS 
5 0 ) 0 1 7 6 0 23 
6 0 6 0 4 10 als 0 31 
vi 0 3 ds i dl u 0 ee) 
8 0 3 0 3) =) Zz 0 fel 
2) 0 8 ue 0 uk i 0 32 
ive 2 8 0 3 g 6 0 NS 
TOTALS 4 75 2 22 69 83 0 Zo 
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(b) Why? '"'The examples shown and the examples that one could add 
give conclusive proof of his equation."" or ''From what I see 
of Joe's equations, all of them agree with the conclusion and 
I would continue to believe in it until it was provenstalse:u 

Almost seventy percent of the students rejected Joe's 
conclusion, some without any stated reasdén. Most of these students, 
however, provided a counter-example as illustrated in this response 
asSigned to category five: 

(a) Do you think that Joe's conclusion is true or false? 
Response: | Palse. 

(b) Why? ng? acl Oper 4 U2 eewhereas sete ze 6.) or Vit 
just shows that it is true when you use consecutive numbers 
with the smaller being subtracted from the larger." 

(c) If you think that Joe's conclusion is false, then what do you 
think might be a correct conclusion? Response: 


y) = 
Tp eu etnnia eal 


It the difference between the two 
MeCN aCe LS “Crue wet thesdit ference 1satvo, 
then you square the added answer; if three, you cube it and so 
one! 
Didselas Curesponse scoOmglesti20n. (C)eexhip bs ones ot athe few 
cases where an incorrect generalization was given. 
Approximately thirty percent of the students rejected 
Joe's conclusion and, based upon the empirical evidence presented, 


indicated what the correct conclusion should be. Surprisingly, 


however, very few students stated their conclusion in the form 
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The distribution of responses PO tect tiation met vem its 
presented in Table IX. This item is different both in nature and 
purpose than the previous three items and the responses of students 
LONENiS itemvare theretore not only different but’ also provide a 
great deal of additional information about how high school students 
react to mathematical concepts and ideas that may be unfamiliar to 
them. 

As indicated in Table IX, less than ten percent of the 
students either did not respond or responded in an unintelligible 
manner. In response to the question "Whose side would -you be on in 
tThewabovescdiscussion: ) lapproximately iseven, percent of the students 
Mespemicas NMeltner. SW ocveral ot the reasons, given in response) to 
the question "Why?" were as follows: 

(a) UWhen the eehiniticn Of parallel lines was) made up, ae 
referred to situations where there were an infinite number 
OL POInts Olea plane and for a line in wany other Kind of 
SUCUALMONmtIIaS  sUeCtintt1On 1S «VOld.™ 

faite "Parallel lines were first introduced on a plane with an 
ipa temnunbe Teo tepoints mm elnhererOre JOC Must, blr herds 
seeing a plane with only four points, start over and make 


up a whole new set of ideas, definitions and theorems to 
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TABLE IX 


DISTRIBUTION OF RESPONSES BY CATEGORY FOR SITUATION FIVE. 


ee EEE" 


GROUP i ee CATEGORY = en ee OeRRe tes TOTAL 
1 3 3 i 5 6 7 0 

1 4 Geen ie 1 Cie weak 0 0 29 

2 3 ye aw 1 0 2 0 1 24 

3 0 5 ae 4 0 5 0 2 33 

s 2 i) ae 4 1 3 0 0 25 

5 2 hel soils 3 0 5 0 1 23 

c 2 Hameo 0 0 5 0 0 at 

7 0 ow 1 0 3 0 1 19 

8 3 0 5 2 0 1 0 0 ll 

9 1 i 2s 2 0 3 0 1 32 
10 3 Olniels 2 0 5 0 0 28 
TOT Eo eee OMee hrs) §1530e e270 ey 0 6 255 
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identify with his plane." 

(111). "The definitions which Ney have of parallel lines refer to 
a true situation in which this whole sheet of paper is full 
of points. Thus, the lines would not be parallel. In this 
case, they are imagining that there are only four, points 
but then they are using the definition from another situation 
requiring an infinite number Ofepointsey yl don'tPacreeswith 
either of them for this reason." 

Inporder: tosunderstand the conclusion presented in 
Satvationeti ve, (Students, mustarirstjunderstand and aeceptethe 
hypothesis that the simple geometry under discussion contains only 
FOuUredastanctepgaints. jlhey must alsotmderstands accept and use the 
Pactethatad, 1incainithise CooMmetry peby seer nition, consists ef only 
two distinct points. Finally, they must be willing to apply, in the 
context of this geometry, the definition that two fame are parallel 
if both havesmo;point in common, a cefinition=whichsmost,of these 
Seugen smsiOuha Destans l4arawa themiron Cheir studyeoferbuciadean 
geometry. 

Inpeach Ofetheatirecaresponsesupresented above, the 
students appear to have had difficulty in accepting and understanding 
the hypotheses and definitions presented, particularly the definition 
of parallelism. They appear to reject the notion that the definition 
of parallel lines can be applied in this geometry suggesting that 
parallel only has meaning in the context of the familiar Euclidean 


geometry. In fact, in response (iii) above, the student suggests 


63. stn cant Yeliersg 5 
Ly jamais ton ea 


=. 


aidd ab detsiebq ed ‘et pions lane. 
saatog 10) tino sis orsil ae arias ae wot 
Sushaalh a2 teAsoiis MOL: nol ant ante oe sults ai wn 
dijw oorme Pao [ .efettq Jo — atiarined nm grteduipon _ 

4 po aben 2iva. got wenz 40 rettis - jon 


Warde | ' 
ar betyeesig volerkoned alt haiserebny oF x2ht0 at ; is 7 


| 
= i = 4.7 
sft sqansk bas hnagethghy)j2 ie Jem einobuse evi ihe S 
Une eHilsstnoy nylmehj21b Pobnh. vr tedosy atgmie on7 sad3 al 
4ily Az bre 490 50. 71% Atansiny Géle l4on YoRT§ . 2antoe ronksefb, ty 


Iea-i5 2febenes 1104 tril s ict. os Mtoe SEAS nb SHEL es say 9 


ai) WT .viqgs of dotlifw ed tevh yorlt VEEgnit “vantey s 
(afisysy wes lesntt “ows isda: (tertiniiebh og qaraiese anda tos 
' Da 5 i — @ 

Seg Lo gaan! iafitwonoetetitSe se promos nt ccna 


fasviioud to “bute wiontd mort daiv shilined sa bineds 


sv6ds hetie.519 Ssenehess Some stig 16 jase ad ; 
. . iS 
‘dni bay Few spre bins #n8ay sone eur! ie: sb “beg diva) oF — 
; Metsiniles oo vigsivsiergy ,os7neeste annhaiaiteb brat 
nolsinitab od3 Int nolionisnd toeist*od ~*saqde. vent © 
Te ane epiyuz ‘rejondog aids ni ora AL od HRD @ iisxe 
| 2 atl 
ie abe cert pet | sone ony ic thal lios SF ‘ab ant pagan Leki 
7 a 7 


Bieayaue Inghirre sis evo: teh) Renemtar ne 43 «da 


Lay * 
> 
i 
5 : ‘ : o.) nd 
iy Vi j ’ 
4 
i 7 A 
= 
~ - n a =. 
s _ ys ‘ ois a = -_ 


that the definition of parallel only has meaning in "a true 
Situation", implying perhaps that the definitions and hypotheses 
introduced in situation five are in some sense "'untrue.'' If these 
students consider that the hypotheses, definitionsand conclusions 
presented in this item are "untrue" because these ideas do not 
concur with their intuition or previous experience, then it would 
appear that these students do not understand that all of the concepts 
introduced and studied in mathematics have ary those properties 

that are ascribed to them either by definition or by postulate. @ In 
this sense, it is doubtful that these students really understand the 
role of axioms and definitions and more generally, the nature of a 
mathematical system. In fact, if students are unwilling to accept 
the reasoning used in the simple geometry presented in situation five, 
then perhaps they lack a basic understanding of one of the most 
important aspects of modern mathematics. 

Beach! yrs xt percent\ot ithe students responded “in catevory 
these students rejected Joe's conclusion because of an 
apparent *rerusal to’accept “the*definition of a line in this geometry. 
Typical responses assigned to category three were: 

(a) Whose side would you be on in the above discussion? 
Response: oF Tom! set! 

(b) Why? Response: "If Joe can say that the two lines must 
imtersect sat AlWB eG vor) because tthere are ino other points 
but these on the paper, then Joe cannot say that points A and B 
ears create: altine.ieJoelisscontradictingghimself. sor) 'These 
lines, even if they have no point in common, are not parallel 


because they are not an 
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equal distance apart throughout. Also, Joe is only supposing that 
Only ero pointseexise, but ineactual @factithereware am infinite 
number, so the line would have no endpoints and would eventually 
meet 

The fact that many of these students argued that the lines 
in situation five could not be parallel because they were not the 
same distance apart in the diagram, also suggests that these students 
did not understand or accept the definition of a line as presented 
in this item. Evidently, these students continued to think of a 
Ian eet owcOMnst oC Ino Ol aleinianite mumper of Dointseas in miele lean 
geometry. Presumably, 121i the points A, B, € and D had been placed 
in a rectangular arrangement in the diagram, then it is possible that 
many of the students would have readily agreed that there were two 
pairs of parallel lines but obviously, they would not agree that 


thereswene three such paars;or lines. ~inespite of this, exactly 


were two pairs of parallel lines but they evidently did not understand 
why there were three such pairs. 

Approximately fourteen percent of the students responded 
in category six. The conclusion that three pairs of parallel lines 
are determined by the four distinct points was considered a true 
statement by these students. However, it was evident that none of 
these students saw any need to justify this conclusion since not a 
single student in the sample attempted to do so, as indicated in 
category seven of Table IX. It should be noted that even though no 


one responded in category seven, this category was included because 
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it was expected that some of the students would formally prove that 
the pairs of lines AD, BC and AC, BD are parallel by using 
essentially the same argument given in this item to show that the 


Eimesm abeeand»sCD eare parallel. 


PF. SITUATION SIX 


The distribution of responses for situation six is presented 
in Table X. The responses to situation six were perhaps the most 
disappointing in that almost forty percents Gr the™students either 
did not respond or their responses could not be meaningfully 
categorized. Two examples of responses assigned to category one 
are: 

(a) Whose side would you be on in the above discussion? 

Response: ‘Joe's. 

(b) How would you show Tom why you disagreed with him? Response: 
"Repeat Joe's technique but substitute whole numbers instead of 
eGo De eaeseand 9D uWayis abstract and, ditit cult. to 
understand." 

Alternatively: 

(a) Whose side would you be on in the above discussion? Response: 
YTom.s ."’ 

(b) How would you show Joe why you disagree with him. Response: 
itl sesimplyapecausemela7 Os 1S Universally true on) this 
earth." 


It seems clear that the second student responding above, 
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TABLE X 


DISTRIBUTION OF RESPONSES BY CATEGORY FOR SITUATION SIX 


GROUP ee ees CATE CORY am men ee ee em TOTAL. 
1 2 3 4 5 6 7 8 9 0 

1 17 1 4 0 2 0 3 2 0 OF 29 

2 9 1 4 1 2 0 3 4 0 0 24 

3 9 1 8 4 1 0 4 5 1 0 33 

4 8 0 4 2 0 0 3 7 0 1S 

5 13 0 3 0 0 0 4 3 0 Crees 

6 jig 0 5 d 2 0 6 1 0 pooh 

7 4 0 0 3 1 0 2 5 0 ee 

8 3 2 0 0 0 0 4 2 0 On it 

g 9 1 2 0 0 1 8 9 0 pie 32 
10 10 0 4 2 ih 0 5 6 0 Omens 
TOTALS 94 Cre eno 9 eee 4 1 S255 
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whether he understands the argument or not, does not see any need to 

prove a proposition which he considers to be intuitively obvious. 
“Responses assigned to categories three to six inclusive, 

which constitute approximately one quarter of all responses, consider 

Joe's argument to be invalid. The majority of these students argued 

that since the initial statement in Joe's proof, namely "suppose that 

ip-20' Heisefalse and therefore meaningless, this\invaladates the 
whole argument. Typical responses assigned to category three were: 

(a) Whose side would you be on in the above discussion? 

Responsecra. Jomntsrs' 

(b) How would you show Joe why you disagree with him? Response: 
udopstart with, one can't be equal to zero: He should use true 
Statements all the time. You can't prove one thing and take 
Tice ODPOSiL er COmSsays anOtneCretiing @tOnprovemiteisetrue. Ose it's 
common. Sense: to’ knows that) 16740 .SeYou'can't pete something is 
Fignt) bysusimn: falserintormation. "You are contradicting 
Veumse!t = First, yoursay 1 = 0) and then you say “1 # 0.) 

Some of the students realized that the initial assumption 
was made for the sake of argument but still did not understand the 
role of this assumption in the remainder of the argument presented 


ifmsiatuation sixs)'For example, ‘a typical response in’ catepory four 


was: 
(a) Tom Sie 
(b) "Tf you are supposing that 1 = 0, then you can't turn around 


Gndesdyetiate le-e0.e) le=p0R 1S > Somethingetnateyousaccept as 


being true." 
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Approximately one third of the students responded in 
categories seven, eight and nine. While all these students agree 
with Joe and presumably consider the argument presented to be valid, 
it 5 40n always clear from the reasons they give, that they really 
understand the indirect argument presented in situation seven. 
Responses assigned to category seven in particular, were considered 
to be based upon an acceptance of authority in the sense that proofs 
given in textbooks are in many cases accepted and learnt by students 
without any real understanding of the proof itself. A typical 
response assigned to category seven was: 

(a) Whose side would you be on in the above discussion? 

Response. JOG. Ss. 

(b) How would you show Tom why you disagree with him? Response: 
"One way of eliminating a theorem is to find one single case 
where it is false. By disposing one theorem, one is sometimes 
able to prove the opposite or at least that a statement is not 

ty 

This response does not indicate that the students understand 

tie method of Indirect proot, at least in the context of the argument 

presented in situation six. It would appear that the student is 
simply using general ideas which seems appropriate based upon his 
previous mathematical experience. 

Approximately seventeen percent of the students responded in 
category eight. Most of these responses simply asserted that one 
can demonstrate the truth of a proposition by showing that its 


negation implies a contradictory statement andais therefore false: 
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Only one student , however, displayed what was considered to be a 
nate understanding of the method of indirect proof based upon the 
responses obtained for this item. While this was unexpected, a 
more Significant finding that emerged from these responses is the 
fact that most students do not appear to be willing to reason for 
the sake of argument from a hypothesis which they consider to be 
MNeruees slits. an eo would appear to be one of the major diffi- 


culties students have with the method of indirect proof. 


G. SITUATION SEVEN 


The distribution of responses for situation seven is 
presented in Table XI. Although situation seven is similar in nature 
to situation six, it differed in that students were requested to 
explain specific steps in the argument presented. However, the 
distribution of responses for both items was very similar. Almost 
forty percent of the responses to situation seven indicated that 
these students either did not understand the argument or misinterpreted 
the questions. For example, a typical response assigned to category 
two was the following: 

(a) How would you explain step two of Joe's argument to Tom? 
Response: "A real number 1s easier to work with and to under- 
stand. AllyenumDexr could nave been used." 

(b) How would you explain step five of Joe's argument to Tom? 
heapomse: wasliuey = 90) 15 false, then  ¥ #0 is true. Looking 


Apethes statement, ii y 7 0. then’ x)= 0,’ and it (x7="0, 
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TABLE XI 


DISTRIBUTION OF RESPONSES BY CATEGORY FOR SITUATION SEVEN 


GROUP CATEGORY TOTAL 
1 2 3 4 5 6 0 
1 Waeanl6 3 7 ineeies! 0 29 
2 0 eS 1 4 0 24 
3 0 5 Bees 3 5 0 33 
A 2 1 9 0 4 0 25 
5 Sue)? 1 2 2 3 0 23 
6 4 15 1 b 2 5 0 31 
7 1 6 6 3 0 3 0 19 
8 0 4 2 2 0 3 0 11 
9 Qo 0 8 Omen? 0 32 
10 iy eile 4 i 1 l 0 28 


TOTALS ue 7 pal 70 10 44 
PERCEND. woviee 3070mecS 22am lito We Ieee] 23 
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then x #0 must be false." 

(c) How would you explain step six of Joe's argument to Tom? 
ResvOnscC men teva e Oe ethen x ="Orand if*=x 7 0 is false, 
then mext="0Meis trues! 

It is apparent that the students responding above does 
not really understand the argument but attempts to justify the crucial 
Steps by reasoning in a circle. A number of students responded only 
to*question (a), typically as follows: 

(a) How would you explain step two of Joe's argument to Tom? 
Response: "I wouldn't be able to because if the statement says 
xe=2ONe (at Chetvery top) ,show can ve ‘equa three?" 

AS@in situation Six, “it fs "evident "that these students do 
not understand the logic of assuming, for the sake of argument, that 
the negation of a statement is true in order to show that the negation 
is, in fact, false. These students apparently consider the negation to 
be talse de vractoe and therefore perhaps, believe that the “argument 
PLOVes noting Since win therm view, the statement to be proven 15 
assumed and used in a circular fashion. 

Almost half of the student demonstrated some understanding 
of the role of the hypothesis in step two of the argument. However, 
less than twenty percent gave a satisfactory explanation of why this 
statement must be false. A typical response in category four was: 

(a) How would you explain step five of Joe's argument to Tom? 
Response: 'y 10," soe y “must be some number’ “If ~y is a 
number, then that number times x must be equal to zero. No 
two numbers (excluding zero) can be equal to zero so the 


statement x #0 must be false since y is a number." 
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This student has attempted to construct his own argument but shows no 
appreciation of the argument given in situation seven. Almost thirty 
percent of the students responded in a similar manner. 

Approximately eighteen percent of the students responded in 
category six. Whether or not these students recognized that the proof 
presented was in the form of an indirect argument was,in many cases, 
difficult to determine. However, these students did appear to have 
the right idea even though it was not always clearly expressed, as 
illustrated in the following response: 

(a) How would you explain step two of Joe's argument to Tom? 
Response: 'Joe took an obviously false supposition in order to 
Show Tom that it worked out wrong. Therefore, the opposite 
Must be rieht. 

(b) How would you explain step five of Joe's argument to Tom? 
Response: "If the answer is wrong, then at some point the 
Woerkemistebes wrong. | lhe only place 1t can be is in the 
euppositio0n. ss iheresore, xX ~ OF -is false." 

(c) How would you explain step six of Joe's argument to Tom? 
Respolsc it caneaiiswer can only be onesor two things. and 
it is not one of them, then it is the other." 

AS a general observation, it can be argued that items six 
and seven do not assess in a valid way student understanding of the 
inadtrectemetiod OL proof. It 15 possible that entirely different 
types of responses might have been obtained if different items or 
different specific arguments had been used. However, based upon the 


responses of students, which were fairly consistent to both of these 
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items, there would appear to be a great deal of evidence supporting 
the conclusion that in excess of eighty percent of the students do 


not understand the logic of an indirect proof. 


Hameo PEUNTIONSEEGHT 


The distribution of responses for situation eight are 
presented in lable XII. It should be noted; as pointed out earlier, 
that each of situations eight through twelve were administered at 
random to approximately twenty percent of the sample . Hence, because 
of the relatively small numbers of students responding from each 
Glass teiscepossibile: that thesresponses ares not entirely represent-— 
ative of student thinking. 

Situation eight was administered to fifty-three students. 
Based upon the responses obtained, approximately forty percent of 
these students agree that the proposition presented in situation 
seven is intuitively obvious and do not see any need to formally it. 
A typical response assigned to category two was: 

(a) Whose side would you be on in the above discussion? 

Response. "Tom's" 

(b) Why? Response: "Because he makes a lot of sense and he is very 
straight forward in his approach. He also doesn't use a lot 
of funny Jargon to polish up his argument." 

Responses assigned to category three indicated that the 
stated proposition cannot be accepted as true without formal proof. 


However, the reasons given by these students to justify their position, 
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TABLE XII 


DISTRIBUTION OF RESPONSES BY CATEGORY FOR SITUATION EIGHT 


GROUP CATEGORY TOTAL 
aE 2. 3 4 0 
il a 2 2 0 0 6 
2 0 4 1 2 0 7 
5 il 1 2 4B 0 6 
4 0 Z 0 5) 0 5 
5 2 I 0 0 0 3) 
6 vs 3 0 Z 0 7 
7 0 3 0 2 0 5 
8 0 0 A i 0 2. 
g il 0 2 5 A 7 
10 0 5) 0 0 0 3) 
TOTALS 8 oy 8 ibs) i S)e) 
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were less convincing than those given in responses assigned to category 
four. In this sense, it was questionable whether students were 
expressing their true feelings, i.e. whether they really saw a need 
for proof in this situation, or whether they simply responded in a 
manner that they considered would be more acceptable to the investi- 
ga lO OTecxample: 
(a) Whose side would you be on in the above discussion? 
Response: "Joe's." 
(b) Why? "Because it 1S so obvious that the Statement is true 
but a proof helps a person understand how that answer is really 
obtained. Sometimes a proof helps a person understand the 
Situation better."’ or "Because Tom cannot say that everybody 
knows [that the proposition is true] because Tom hasn't asked 
everybody if they know. Tom is generalizing too much." 

The reason given in this last response is significant in 
Pvateticestuccnt appears stOnSleveSstequitemcOrrectiy that What as 
intuitively obvious to one Student may not be intuitively obvious to 
another. Hence, the need for proof is based upon the premise that the 
Stated proposition may not be intuitively obvious to all students. It 
is possible that this student would not see any need to prove a 
proposition considered intuitively obvious by all students. 

Lessetnan thirey percent of the student responses were 
assigned to category four and these were considered to indicate a 
mature understanding of the need to prove the stated proposition. A 


typical response assigned to category four was: 
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(a) Whose side would you be on in the above discussion? 
Response: Meet, 

(b) Why? "Tom's explanation is simpler and easily understood. 
However, Joe proves the proposition for all values of y 


whereas Tom is only dealing with a few examples." 


I. SITUATION NINE 


The distribution of responses for situation nine is presented 
in Table XIII. This item was devised to assess whether or not students 
realize that a mathematical statement and its contrapositive are 
logically equivalent. It is possible, however, that this item may 
have contained too much information for students to assimilate in a 
Snort time. Hence, the validity of their responses is. perhaps, open 
£0 question. ©in any event. not sa single student indreated that 
statements A and B were logically equivalent. In fact, the majority 
OF Stuaents Suggested that the two statements were unrelated. 

Twenty percent of the students claimed that either statement 
A or statement B was false and tried to justify their claim with a 
"counter-example'': For example: 

(a) Whose side would you be on in the above discussion? 
Response. .JOMlSs! 

(b) Why? ‘Because statement B is not necessarily true. Three is 
a factor of twenty-four and 3 is an odd number. When Joe 
proved statement B, it wasn't very complete. Two is a factor 


but many odd numbers are factors of even numbers." 
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TABLE XIII 


DISTRIBUTION OF RESPONSES BY CATEGORY FOR SITUATION NINE. 


GROUP CATEGORY TOTAL 
1 2 3 4 5 0 
1 0 1 3 2 0 0 6 
2 0 0 3 0 0 0 3 
3 0 2 3 2 0 0 7 
4 1 0 2 2 0 0 5 
5 0 1 3 0 0 0 4 
6 2 2 0 2 0 0 6 
7 0 0 2 1 0 0 3 
8 1 0 0 2 0 0 3 
9 0 2 4 1 0 0 7 
10 0 1 ENS 0 O- 4 
TOTALS 4 ve? eens 0 0 48 
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Almost fifty percent of the students responded in category 
enreGemtypical lyeaseto lows: 
(a) STomisiat 
(b) BlethinkethateJsoeS proot only Shows statement Boas true. You 
would need a new proof to prove statement A is true." 
Some students agreed with Joe but their reasons were not 


verveexplicut. For example: 


(a) FOES <1 
(b) wJoOe 1s Saying the same thing,*but he is justeusing a different 
example.” 


AS stated earlier, it is possible that the example presented 
iM itsertene SetOOnaitticult, tor most Niehnescnool students to 
comprehend. However, aged upon the limited number of responses to 
this item, there was no evidence to suggest that theese Students are 


familiar with the concept of logically equivalent statements. 


Jeee oli UALION TEN 


Tieverstripution.or responses for Situation ten 1s 
presented in Table XIV. As was evident in the responses to several of 
the earlier items, the majority of students do appear to realize that 
a single counter-example to a mathematical proposition is sufficient 
to disprove that proposition. Almost eighty percent of those 
responding to item ten agreed that n= 17 is a valid counter-example 


to the stated proposition with reasons such as: 
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TABLE XIV 


DISTRIBUTION OF RESPONSES BY CATEGORY FOR SITUATION TEN 


GROUP CATEGORY TOTAL 
1 ” 3 iy 
1 i 1 0 i 0 6 
2 0 0 0 4 0 4 
3 0 0 1 6 1 8 
4 ape aah 0 a 0 5 
5 0 2 0 4 0 6 
6 0 0 2 3 0 5 
7 0 1 1 2 0 4 
8 0 0 0 2 0 2 
9 0 0 0 6 0 6 
10 1 0 0 5 0 6 
TOTALS 2 5 2h) 1 52 
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"When one exception has been found, you cannot ignore it. 
There will more than likely be many more exceptions, so the 
Statement is wrong. As soon as one exception is found, a 


Pypothesissiseinvalid. |! 


kK. SITUATION ELEVEN 


The distribution of responses for situation eleven is 
presented in Table XV. Almost eighty percent of the students 
selected Joe's direct’ argument over Tom's indirect arpument. 
Surprisingly, the reasons given for selecting the direct argument 
Wercaveryeconsistents For ‘example: 

(a) Which argument would you. have used? Response: "Joe's." 

(b) Why would you have used this argument? Response: "It's more 
Straight forward; also, I never would have thought of the second 
One ee Ore Orem lactmcasleim cos nin tirough -puly together 
Degrer, NOt a5 muci! Supposing.” 

Paec ewe SPOnSeSs eOntNiSiiuem indicate thesstudent is 
Subjective preferences, then at would appear that a direct areument 
Pompe nce ty canes 0cine WOre) Natural’ then an indimectearcument.  1t 
may not be meaningful, however, to draw any conclusions from the 
SPUGei meres ONSeSuLOsLa@icmitem. | lt 1S epossiblc that) thewselectionsor 
one argument over the other was influenced by unknown factors such as 
Evemtact tiat J0c GS d'rectsarcument was presented betore Tom's on the 


Siecemor vapers sUNtOrtunately, the order Of presentation was the Same 
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TABLE XV 


DISTRIBUTION OF RESPONSES BY CATEGORY FOR SITUATION ELEVEN 


GROUP ___ CATEGORY TOTAL 
1 2 3 ro 
1 l 2 2 0 aako 5 
2 0 3 1 Tie 5 
3 0 2 ame of 6 
4 0 b 1 0 0 5 
5 0 6 teat 40 ete 6 
6 0 6 0 CeeagO 6 
7 0 3 1 vy 6 4 
8 0 2 0 Dee © 2 
9 0 4 1 i 6 
10 0 7 0 6 7 
TOTALS 1 Sen 20 9 Zadl aifod 52 
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Up LIUATION “TWELVE 


The distribution of responses for situation se presented 
in tables. isesimilar to that for situation, nine.. The fact: that the 
argument presented in this item did not prove the stated proposition, 
which is clearly false, but rather proved the converse of the 
proposition, was not recognized by anyone. OvVerecOrtympercents: Oc 
the students realized that the proposition was false and provided a 
counter-example. However, just as many, students did not even do this. 
Some of these students recognized that the number 627 was of no 
Pane ventlatesmontm cance DULTSUIPrisImg ly stiissdta not bead them to 
conclude that the given proof must be incorrect. For example, one 
student responded: 

"What about the odd numbers less than 627? Why start at 627? 
For cxenple, 15 1s 4a prime number; #50 15917; so,is719.” 

It was evident that many students were confused by this item 
and that none could really understand why the given proof was incorrect, 
even though the stated proposition was clearly false. Hence, while it 
may have been unrealistic to expect most students to determine what was 
wrong in this item, it was anticipated that some would recognize that 
a mathematical proposition and its converse are not logically 


equivalent. 
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TABLE XVI 


DISTRIBUTION OF RESPONSES BY CATEGORY FOR SITUATION TWELVE 


GROUP CATEGORY TOTAL 
1 2 3 i 5 0 
? 1 2 i 2 0 0 6 
2 2 ie Oa nD 1 5 
3 5 0 0 1 0 0 6 
® 0 3 0 1 0 1 5 
5 i 0 0 3 0 0 4 
6 3 1 0 2 0 1 7 
7 0 0 1 2 0 0 3 
8 1 0 0 1 0 0 2 
9 1 ad vhG 4 0 0 6 
10 0 ae 0 4 ys 6 
TOTALS 1 jh 8 FP owe 0 i 50 


PERCENT 28 16 6 42 0 8 
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Tite kcoullosOPe eoliING THE HYPOTHESES 


In order to carry out a statistical analysis of the response 


patterns of students, each response to each item was assigned a score of 


Bevo ONC waomOne tnree, aS Outlined in the previous chapters Since 


eight items were administered to each student, the maximum total score 


obtainable was twenty-four. Also, since this study was carried out near 


TNesendswoenceie School year, each teacher was requested to providesachieve- 


ment data for those students who participated in the study. As a 
result, a mathematics achievement mark was: obtained for each student 


in nine of the ten classes that participated. 


This data was used to investigate (a) whether or not the mean 


total scores of each class who were administered the instrument are 
Srenioveantiyedirrerent; (b) whether Om notetherc are any Significant 
correlations between total score and achievement in each class; 

(c) whether or not over the entire sample there are any significant 
correlations between the score obtained on each situation and 
achievement, and also between total score and achievement, (d) whether 


or not there are any significant inter-correlations between the scores 


obtained on each of situations one through seven; and (e) whether or not 


the mean scores of males and females differed significantly on each 
situation and also on total score. 


The mean achievement score, the mean scores obtained on 


situations one through twelve and the mean total score for all students 


are presented in Table ils Opec omc iS (11 DUbLOn@OL Scores sf0lm Cac 


situation is presented in Table XVIII. 
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TABLE XVII 


MEAN ACHIEVEMENT AND SITUATION SCORES 


a Re as ees 
EEE 


VARIABLE N MEAN SCORE STANDARD DEVIATION 
ee eee a hs ere ees aed es a ee 
ACHIEVEMENT Zo2 O27 dle 5S) 
SITUATION ONE Za “oA OM Abs) 
SITUATION TWO 259 Ve eae 0.81 
SITUATION THREE 2) RS 2 ehoohS) 
SITUATION FOUR joes) Bo BXo 0.96 
SITUATION FIVE Pao ys 125 0.88 
SITUATION SIX 255 1.43 i ths Sil 
SITUATION SEVEN 255 ee), ee 
SITUATION EIGHT S18) Hee) Ah alO\e 
SITUATION NINE 48 0.98 0273 
SITUATION TEN Be Heal sy} Oa. 
SITUATION ELEVEN 52 Th Pall 0.54 
SITUATION TWELVE 50 lve © ey 
SITUATION TOTAL Zoo 12.49 i523) 
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TABLE XVIII 


DISTRIBUTION OF SCORES FOR EACH SITUATION 
(Percentage in brackets). 


SITUATION SCORES N 
0 1 D 3 

1 mee (EGS 5 ms (2050 i 22 (856) Be 140 (54-9). 255 
2 Smale 0m el om 10553) meOOMC 305) Zien mee? ee 255 
3 59 (2851) ye 95" (3655 eee Oe (25.9) ay) ST GRARS) Pee, 
i ee (ERI GIO. 66 D (OSS ie oT) ee 
5 SSW 59 YES See (6020) © 27 0% 6) BUT ree5) 2255 
6 2007 (8922) 95405033). 582012 9) 889 (3425) 255 
7 pDWOy Cera), he GNP 9f0) (OMS) (60) aS 
8 ce EGR SAL Gs) 9 (17.0) 1572853) 
9 dat 27- Lae en eye e270) 0 (0.0) 48 
10 jy ES 5 (9.6) 5 (9.6) ‘Ay AGES MSW 
11 pelt 9 eee On 629 } ORR 72034 Dae) 252 
i 14 (28.0) 8 16.0) 7 (14.0) Zim? 0) ge50 
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A. Hypothesis One 
The mean total scores for each group of students who were 


administered the instrument are not significantly different. 


Results 


The means and standard derivations of the scores for each 
group who were administered the instrument are reported in Table XIX. 
Hypothesis one was tested using a one way analysis of variance, the 
results of which are also presented in Table XIX. The resulting F-ratio 
of 2.42 is non-significant at the 0.05 level. Hence, hypothesis one 


was not rejected. 


B. Hypothesis Two. 
For each group of students who were administered the 
instruments, there are no significant correlations between achievement 


in mathematics and the total score obtained by each student. 


Results 

The mean afesieelne scores for each group are reported in 
Table atosetneT with the mean achievement scores for each group 
except group five for which achievement scores were not obtained. 
The last column of Table XX presents the probability of a non- 
significant correlation between mathematics achievement and total 
Score 107 each yrOup, 45.4) result, of these findings, hypothesis two 
was rejected for all groupswith the exception of groups five, seven 
AnCeia reine yetOm Sroupeten lt; was concluded, therefore, that while 


the standards under which achievement marks were awarded in each 
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TABLE XIX 


ANALYSIS OF VARIANCE ON MEAN TOTAL SCORE FOR EACH CLASS 


CLASS N MEAN VARIANCE 
1 29 10.93 15.64 
2 yh 12.58 18.43 
3 33 198 16.20 
4 25 13.00 13-67 
5 23 chk, 25 12.60 
6 31 Liss Pin The 
7 19 13 11.06 
8 ait 11091 12369 
9 a2 ay 13046 
10 28 12868 15 ol 
SOURCE df ss ms F P 
CLASSES 9 D202] Deo ee 2 2a L012 


ERROR 245 3609.47 14.73 
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TABLE XX 


CORRELATIONS BETWEEN TOTAL SCORE AND ACHIEVEMENT FOR EACH GROUP 


Hye} 


GROUP SCHOOL N MEAN 


MEAN CORRELATION De 
SITUATION ACHIEVEMENT 
SCORE SCORE 
it A 29 10.93 Cid. 0.54 0.003 
2 B 24 12.58 59.12 0.44 0.030 
3 € 33 NOTE 61.67 0.47 0.006 
4 C DS 13.0 BeZ0 Se 0.009 
5 D 23 ie 23% 
6 E 31 11.39 65.16 0.44 0.013 
7 F 19 Int 65.68 -0.10 0.680 
8 G ila mo 58.0 0.68 0.022 
9 H 32a enielsa/2 25} 0.52 0.002 
10 I 28 12208 69.46 0.37 0.054 
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class may differ, the overall level of responses obtained from students 


in each class correlates significantly with their Tevel of achievement 


in mathematics. 


Cee lypothesiselhres 
There are no significant correlations between achievement 
in mathematics and (a) the score obtained on each situation; (b) the 


tota mescoresoptained: 


Results 

Table XXI presents all of the computed intercorrelations 
between achievement, the scores obtained on situations one through 
twelve and the total score obtained onthe eight situations presented 
to students. The intercorrelations between the scores of situations 
eight through twelve could not be computed since these items were 
administered to disjoint subsets of the sample. Consequently, only 
the intercorrelations between the scores of situations one through 


seven were considered meaningful since these were the only items 


With respect to hypothesis 3(a), significant correlations, 
at the 0.05 level, were found to exist between achievement and the 
scores obtained on situations one, four, six, seven, eight, eleven 
and twelve. Hence, hypothesis 3(a) was not rejected for situations two, 
three, five, nine and ten, but was rejected for the other items. 

A correlation Significant at the 0.00] level was found to 


exist, however, between achievement and total score. Hence, hypothesis 
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3(b) was rejected. 

In addition to the above findings, the intercorrelations 
between the scores on situations one through seven were examined. This 
examination together with the results of hypothesis 3(a) resulted in 
the following observations: 

(a) The scores on situations one and six, one and seven, and six and 
seven correlate significantly with each other and the scores of each 
of these Situations correlates significantly with achievement; 

(b) The scores on situations two and three do not correlate 
Significantly with each other; 

(c) The scores on situation four does not comrelate sieniticantily. 
with the scores on any of situations one, two, three, five, six or 
seven but does correlate significantly with achievement; 

(d) The score on Situation five correlates significantly only with 
the scores on situation six. These were the only observations that 
appeared to have any significance and were made in the context of 
examining what might be termed uni-dimensional relationships between 
the performance of students on Situations one to seven. However, it 
is possible that only a multi-dimensional interpretation can account 


for all of the relationships evident in these observations. 


D. Hypothesis Four 
There are no significant differences between (a) the mean 
scores of males and females on each of situations one through seven; 


(b) the mean total scores of males and females. 
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Results 


Hypothesis four was tested using a two-tailed t-test. The 
appropriate means and standard deviations together with t-values and 
probabilities are reported in Table XXII. As a result of the findings, 
hypothesis 4(a) was not rejected for all situations investigated except 
Situation six where the mean score of females was Significantly 
higher than that of males. 

The mean total scores of males and females was not 


' Significantly different, so that hypothesis 4(b) was also not rejected. 


III. SUMMARY 

A variety of responses were obtained for each item 
administered in this study. As a result, response categories were 
devised for each item and each response assigned to one of the 
categories. In this chapter, the distribution of responses by category 
for each item has been presented together with a discussion of? Ke 
categories and typical responses assigned to them. 

The response categories for each item were further classified 
as representing either low, medium or high levels of thinking and a 
score of one, two or three, respectively, was assigned to each level. 
Students who did not respond were assigned a score of zero. The 
scoring scheme was used to analyze the response patterns of students 
Stavisticauly manoeticwlcsultsmot tne Nypotheses tested are also 


presented in this chapter. 
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CHAPTER V 
SUMMARY, CONCLUSIONS, DISCUSSION, 
IMPLICATIONS AND RECOMMENDATIONS 


IT. SUMMARY OF THE STUDY 


The present study was designed primarily to investigate, 
identify and categorize some of the subjective thinking processes used 
by students when they are faced with the problem of either accepting 
or rejecting various mathematical propositions and are asked to 
justify the position they take. The main objective of this undertaking 
was to try to assess the extent to which students understand the nature 
and role of mathematical proof with particular emphasis on (a) the 
circumstances where students do or do not see a need for proof, (b) the 
kinds of misunderstandings students appear to have and (c) the kinds of 
errors in thinking. that they appear to exhibit when attempting to 
JUSEPLyethe propositions presented to them. 

A secondary objective of this study was to evaluate whether 
or not items of the type used in this study have any potential for 
classroom use as a means of diagnosing student understanding of, or 
even teaching, some of the fundamental concepts necessary for a basic 


understanding of what proof in mathematics really means. 


A. The Instrument 

In order to carry out the study, a number of items were 
constructed which were intended to be administered to students on a 
class basis during regular school hours and to which students would 


respond in writing. These items were subjected to extensive pilot testing 
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and subsequent revision resulting in a common format for their 
presentation to students and also the development of procedures for 
the analysis of student responses. 

Twelve items were selected and administered to students. 
Most of these items were presented in the form of a dialogue between 
two hypothetical mathematics students in which one of the students 
makes a statement or states a conclusion which may or may not be true. 
The second student normally disagrees with the first. He sometimes 
rejects the stated conclusion completely or else claims that he does 
not understand it. In each item, one of the hypothetical students 
requests the other to essentially prove the statement he makes. 

The first seven items were administered to all students in 
the sample. The remaining five items were administered at random to 


disjoint subsets of the sample so that approximately one fifth o 


kh 
ct 
tote 
( 


sample responded to each of these items. 


In the first item, a simple geometric proposition was 


presented, the proof of which was given with reference to an appropriate 


geometrical figure. The objective of this item was to determine whether 


or not students see a need to prove the same proposition when it is 


illustrated by a different diagram. It was assumed that students who 


understand how the generalization principle is applied to propositions of 


this type, would agree that no additional proof is necessary. 
Items two, three and four are algebraic or number-theoretic 


in nature and the objective of each was to determine what kind of 


evidence students consider adequate to prove a proposition which generalizes 
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a number of numerical examples. Specifically, do students see a need to 
formally prove such a proposition or is the numerical evidence itself 
considered adequate justification? 

In item five, a simple non-Euclidean geometry was presented. 
The objective of this item was to assess the extent to which students 
understand that the objects studied in mathematics have only those 
properties that are ascribed by definition or by postulate. 

Items six and seven deal specifically with the indirect form 
of proof. The objective was to determine some of the factors that 
cause students to have difficulty with this form of argument. 

Item eight was intended to assess whether or not students see 
a need to prove a mathematics proposition, the truth of which is 
considered to be intuitively obvious. 

Items nine through twelve were intended to assess student 
understanding of (a) the logical equivalence of a mathematical statement 
and its contrapositive, (b) the role of a counter-example to a stated 
proposition and (c) the non-equivalence of a mathematical statement and 


its converse. 


B. Procedures 

The high school students who were administered the items were 
asked to respond to each item by deciding which of the two hypothetical 
students was, in their view, correct and to give reasons fore their 
choice. The responses of students to each of the items were carefully 
examined by three independent judges. As a result, response categories 


for each item were developed and each response to each item was assigned 
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to an appropriate category. Each category was considered to represent a 
distinct line of thinking so that the categorization scheme was used to 
summarize not only the kinds of thinking exhibited by students but also 
the distribution of responses for each of the items. 

In order to analyze the response patterns of students eee ee 
tically, each category was assigned a score. The scoring scheme was 
used mainly to determine whether or not there was any relationship between 
student achievement in mathematics and how they responded to the various 


items. 


C. The Sample 

The instrument was administered to two hundred fifty five 
grade eleven Renee students in ten randomly selected classes of 
the Edmonton Public and Separate School Systems. All students were 
enrolled in the course Mathematics 20 which was designed as a preparation 


for the study of post-secondary mathematics. 


II. DISCUSSION OF SOME CF THE FINDINGS 


The main conclusions resulting from this study are presented 
in this section and will be discussed in terms of the seven specific 


questions which this study was designed to answer. 


Aye Question One 

To what extent or in what contexts do high school students 
subjectively see the need for proof in mathematics? 

The responses of students to each of the items incorporated 


a number of distinct lines of thinking, each of which was represented by 
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an appropriate response category. Based upon the distribution of 
responses in the various categories for each item and also upon the 
level of response each category was considered to represent, it was 
concluded that in general the student population sampled can be 
sub-divided into three distinct groups, designated as high, medium and 
low. 

Students in the high group, which contained approximately 
thirty percent of the students sampled, do appear to have a basic 
understanding of the nature and role of mathematical proof. In 
particular, these students appear to understand that it is always 
necessary to prove any mathematical proposition before calling it a 
theorem, in the sense of establishing a chain of reasoning, based upon 
accepted assumptions or postulates, undefined terms, definitions 
and previously proven propositions, which, provided the accepted rules 
of logic are followed, demonstrates that a conclusion is necessarily 
true if the postulates on which the argument is based are accepted as 
true. 

Approximately twenty percent of the students belong to the 
medium group. These students show some understanding of the importance 
of proof in mathematics although it was evident that in some cases this 
understanding was minimal. While most of these students appear to see 
a need for proof, it was not clear that they really understand the meaning 
of proof. In particular, these students more often than not failed to 
distinguish between a valid and an invalid argument. In other words, they 
did not always appear to understand what did and what did not constitute 


proof of some of the conclusions presented to them. 
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The most interesting group is the low group, which contains 
approximately fifty percent of the students sampled. It was concluded 
that this group of students do not, in general, understand the 
importance or meaning of proof in mathematics. Most of these students 
do not, for example, distinguish between an inductive and a deductive 
argument. In fact, most of these students appear to understand very 
little other than the fact that every mathematical proposition is either 
true or false. In general, students in this group appear to is os the 
attitude that some form of justification, not necessarily formal proof, 
may be necessary to verify certain propositions. However, whether or 
not these students see a need to justify a particular proposition appears 
to depend upon the extent to which students subjectively believe that the 
proposition is true, based upon their intuition or numeric evidence or 
maybe even because the proposition was stated by some one in authority. 
In fact, the extent to which not only students, but also teachers and 
professional mathematicians believe that a particular proposition is true 
is perhaps of primary importance in terms of whether individuals either see 
a need to prove a preposition or will in fact attempt to prove pi a 

To illustrate, it is perhaps safe to assume that a mathematician 
will not attempt to prove a proposition unless he or she believes 
it to be true. Many of the great unsolved problems or conjectures in 
mathematics have attracted the efforts of many able mathematicians 
mainly because there was an inherent belief that these problems could be 
solved and proofs established. It is clear that if mathematicians had no 
faith that, for example, the four color conjecture would eventually be 


proven, then it is doubtful that the vast literature which resulted from 
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attempts to prove this conjecture would have been witnessed. In general, 
if a mathematician does not believe that a proposition is true, then it 
is doubtful that any attempt will be made to prove it, although, 
obviously, attempts might be made to disprove it. 

It was evident, however, from this study, that most high 
school students, especially those in the low group, think quite differently. 
In fact, it would appear that the thinking of these students is almost 
the exact. opposite to that of the mathematician. Specifically, students 
in the low group do not appear to see any need to prove any mathematical 
proposition which they believe to be true or consider intuitively obvious. 

On the other hand, there was some evidence to suggest that many 
of these students do see a need for some form of justification of 
propositions which are not intuitively obvious o1 which are difficult to 
understand. However, in instances where students in the low group do see 
a need for proof, the actual justification given by these students was 
very subjective in nature, amounting in most cases to nothing more than an 
opinion. 

It is perhaps significant to note that most students do appear 
to understand that a single counter-example to a stated proposition 
disproves the proposition. In fact, a surprising number of students 
in the low group argued that any proposition which is intuitively obvious 
or which is supported by numerical evidence is true unless it can be 
proven false. 

In summary, it would appear that less than thirty percent of 
the students sampled really understand the meaning of proof and see the 


need to deductively prove any proposition that is not an axiom or definition. 


al 


7 reat 


So | 


rT 


* ‘ iy 


bacisinay af deacons ie mort wet ls 
4 nial: aves of nal fatqorg er | 
dgnaiaia ~h SvoTy (es: aang é 
a dh aaa 
sngis 2dom Gers eM abst aoe? se bo: ) 

tins etd Ss hue alniela® gatas wiL ior, fe Sears b caiditaeaalh 
seatie et .aonsbuds oged: Ac rosie one sak ; ti 


a 


y 


ee ipo 


x. 


eofebde .yilestit-eq2 .. nine 1S wc0 dg =i te tmz. eo 4 

fetSonpor ite’ yuna serpy oo ‘bead Mle Sot «2(Aziqe@s han divieiee 

eudhuds efpytstetal mab remo) xo aad) 9d 0) avelfod gadd ghee 

Yass dest aesgane oF eonsdivs save ane snore «bool rAso ena oQ- 
: i ; ; 

do~mMPsaoiItsen; 20 ste) see 207 Lor « see ob 

are Dero N9E arn Holi go Séciwde vieviilusol 298 eee dokde 

See bb wWpOT, ‘yor weak Shreglts Gin cspedens sh esareyer a 

ta@ epesialie aecr} iid aves pokpenitik: Wit faa See coe 9g 20% be 

dn, ted? éior ent dro ot 2e9an. t2om gi-getaniete  »studen at 


\ 


4 7 
zi iene cb ataeht2 S=)04) 4 erp en geet heal epalteg, ot ak = 
miibogey basse «) ip pgp SG si guky 5 seta Beins ex 

a cicstwiz ae 3athai's nuts ibs, S ee: ni aul KogotaN 
aunivdi wievitiogs: ez util rides SRR Bests hab 
we ee Db cos bo oust Bk ‘ganoblyn aati “3 


‘ 
“~ 


To 245271 ‘ raat trexts aaet aah niksune tne: af 
eit 62 bas four. ic pains aft Bpgdest abun ve 


136 


Approximately half the students show very little understanding of the 
meaning of proof in mathematics or of what constitutes proof and do not 


see any need to prove any statement which is considered to be 


intuitively obvious. 


B. Question Two. 


To what extent to high school students subjectively realize 
that induction is inadequate to support mathematical generalization? 

The responses of students to situations two and three in 
particular suggest that at least seventy percent of the students sampled 
do not realize that induction is inadequate to support the type of 
mathematical generalizations presented in these items. In fact, less 
than ten percent of the students sampled explicitely stated that a deductive 
proof was necessary to justify the validity of the conclusion presented in 
situation two. Approximately eighty percent of the students appeared 
to be convinced that the conclusion was true on the basis of the numerical 
evidence presented. 

The inductive nature of some students thinking is clearly 
evident from the responses of those students who argued that the conclusion 
presented in situation two cannot be proven for all positive integers 
since there are an infinite of cases to be considered. Most students, 
however, argued inductively in the other direction, stating that the 
conclusion could be proven true by simply enumerating a number of 
special cases in addition to those presented. The classic response was 
one which suggested that there was very little chance that the 


generalization was false since it could easily be shown true for all 
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positive integers up to ten. 


The apparent failure to distinguish between or understand the 
difference between an inductive and a deductive argument and hence 
between a conjecture and a theorem, is one of the most widespread errors 
evident in the subjective thinking exhibited by those students sampled. 
In fact, it is this characteristic perhaps, more than any other, that 
distinguishes student thought from more mathematically mature forms of 
thought. 

It should be noted, perhaps, that when the distribution of 
responses for situations two and three were compared with the distribution 
of responses for situation one, it was apparent that many students who 
were classified as inductive thinkers as a result of their responses to 
situations two and three, were also classified as understanding the 
application of the generalization principle in situation one. [In fact, 
slightly over thirty percent of the students who scored low on situations 
two and three, also scored high on situation one. Since students were 
generally consistent in the level of responses they gave to the various 
items, this observation suggests that many of the students, whose 
responses were considered eee erect correct in situation one, argued 
inductively and hence did not really understand why the proof given in 
situation one applied to both diagrams as implied by the generalization 
principle. If this explanation is, in fact, valid, athensperkapsmit is 
not surprising that many students do not realize that induction is 
inadequate to support mathematical generalizations especially if 
students do not make any distinction between the type of propositions 


presented in situation one and those presented in situations two and three. 
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C. Question Three 

To what extent do high school students subjectively realize 
that the objects studied in mathematics have only those properties 
ascribed to them by definition or by postulate? 

The distribution of responses to situation five, in particular, 
Suggests that most high school students do not always realize the 
significance of assumptions and definitions, especially those that do 
not agree with their intuition or are used in an unfamiliar context. 
This conclusion was based upon the fact that approximately eighty-five 
percent of the students sampled believed that the proposition presented 
in situation five was untrue, even though a partial proof was provided. 

The proposition in question, namely, that three distinct pairs of 
parallel lines are determined by the four distinct points, was rejected 
by these students for several related reasons. First, it was evident that 
many students considered the entire discussion presented in situation 
five to be meaningless because it was based, in their view, upon a false 
hypothesis. These students argued that since the plane consists of an 
infinite number of points, it is meaningless, or in the words of many, 
"impossible", to assume that only four distinct points exist. It would 
appear, therefore, that these students are unwilling to reason from or to 
accept any argument based upon an assumption which they believe is false. 

Approximately ssixtysepercent. of the students) rejected) the 
conclusion stated in situation five because they apparently refused to 
accept that a line, by definition, was determined by and consisted of 
exactly two distinct points. These students did not appear to understand 
the significance of this definition and, judging from their responses, 


continued to think of a line in the usual Euclidean sense. This was 
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particularly evident in the responses of those students who suggested 
that the lines in the diagram of situation five obviously intersect 
and therefore cannot possibly be parallel. These students evidently 
ignored completely the hypothesis that only four distinct points exist and 
consequently did not realize that the definition of parallel lines 
presented in situation five was perfectly valid. 

In summary, the reasons given for not accepting the conclusion 
presented in situation five indicate that the vast majority of students 
do not realize that this conclusion and the argument supporting it can only 
be interpreted in terms of the hypothesis and definitions on which it is 


based. 


D. Question Four 

To what extent do high school students subjectively understand 
the indirect method of proof in mathematics? 

On the basis of this study, it was concluded that less than 
twenty percent of the students sampled really understand the method of 
indirect proof. It was evident from the responses given to situations 
six and seven, that most students are confused by an indirect argument. 
In fact, many believe that an indirect proof is not a valid form of 
reasoning. 

There are a number of possible explanations for the apparent 
difficulty that students have with an indirect argument. Many students 
indicated that they would never be able to prove a proposition on their 
own using this form of argument. Others suggested that the indirect 


method of proof is an "unnatural" form of reasoning. It would appear, 
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therefore, that most students do not consider the indirect method of 
proof to be a convincing form of argument. 

The objective of an indirect argument is to show that the 
negation of a stated proposition is false. If the negation can be shown 
false, then the stated proposition must be true. Hence, the central 
idea of the method of indirect proof is to assume, for the sake of 
argument, that the negation of a stated proposition is a true statement. 
Jie BG7 can be demonstrated that this assumption implies another statement 
which is inconsistent with eve stated proposition or other known theorems, 
then the negation must also becontradictory and therefore false. Asa 
result of this contradiction, the stated proposition must therefore be 
true. 

It would appear, however, that most students are not 
convinced by an indirect argument because they do not understand the 
logic of such arguments, as outlined above. Specifically, many students 
appear to view an indirect argument as if it were a direct argument. 
Hence many are confused because, in their view, the argument does not 
prove the stated proposition but rather proves the “OppOSt tel estln OLNer 
words, these students do not realize that the objective of the argument 
is to show that the negation is false but believe that it, in fact, 
shows the negation to be true and is thus an invalid and contradictory 
form of reasoning. This was particularly evident from statements such 
as: "You can't prove something is true by showing that the opposite is 
true" or "You can't prove something is true by showing that something 


else is false". 
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Another reason why students have difficulty with an 


indirect argument results from the fact that many do not distinguish 


between the negation of a stated proposition and the proposition itself. 


These students therefore claim that in such arguments, the statement to 


be proven is assumed in order to prove it. Hence the argument is 


considered invalid because it employs circular reasoning and effectively 


proves nothing 


Perhaps the most significant reason why students do not 


understand an 
of any stated 
the responses 
conclusion or 
assumption or 
reasoning was 


six and seven 


indirect argument is because many believe that the negation 


proposition is always a false statement. As was evident from 


of students to situation five, most students consider any 
any argument to be invalid if it is based upon an 
hypothesis which they believe is false. This kind of 
clearly evident from the responses of students to situations 


also. Hence many students considered the indirect 


arguments presented to be invalid because, in their words "you 


can't assume that a false statement is true". 


In summary, it is possibie that to fully understand the 


indirect method of proof requires a greater degree of mathematical 


maturity than 


that demonstrated by most of the students sampled. Based 


upon the kinds of reasons students gave, it is evident that it may be 


unrealistic to expect most students at the high school level to understand 


and use what is essentially a very sophisticated form of argument 


greatly misunderstood not only by students but by many others as well. 
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E. Question Five 

To what extent do high school students subjectively realize 
that a single counter-example to a stated proposition is sufficient to 
reject that proposition? 

On the basis of this study, it would appear that high school 
students do understand that a single counter-example to a stated 
proposition is sufficient to disprove that proposition. Evidence for 
this conclusion was obtained from the response of students to situations 
two, three, four, ten and twelve. In fact, it was evident that the 
counter-example idea was understood by more students than any of the 
other concepts that were investigated. 

Situation ten was designed specifically to assess whether or 
not students understood the role of a counter-example. A false 
generalization, together with a specific counter-example was presented 
in this item. Almost eighty percent of the students rect agreed that 
this counter-example was sufficient to disprove the stated conclusion. 

The conclusions presented in situations four and twelve were 
also untrue. In both of these items, however, no counter-example was 
suggested nor was there any hint that the stated conclusions were 
SrcOLLeCCE. we InaSpite OL this approximately sixty percent of the students 
provided a counter-example to reject the conclusion presented in 
situation four and over forty percent did the same in situation twelve. 

As discussed earlier, a significant number of students agreed 
that the conclusions presented in situations two and three were true 


statements because they could not find any counter-example to disprove 
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these statements or because they were convinced that no such counter- 
examples exist. These students apparently reasoned that since any 
proposition can only be disproven by exhibiting at least one counter- 
example, therefore a statement is proven if no counter-example can be 
found. It is possible, however, that many of these students used 
this line of reasoning only because they considered the conclusions 
presented in situations two and three to be intuitively obvious and 
hence either did not see the need for a formal proof or could not 
provide such a proof. In any event, it was evident that while most 
ween foe do appear to realize that a single counter-example to a 
stated proposition is sufficient to reject that proposition, a 
significant number of students incorrectly believe that the notion of 
counter-example can be used in some situations to prove certain 


propositions, a finding which was totally unexpected. 


F. Question Six 

To what extent do high school students subjectively realize 
that a mathematical statement and its contrapositive are logically 
equivalent? 

On the basis of student responses to situation nine, there 
was no evidence to suggest that high school students understood the 
logical equivalence of contrapositive mathematical statements. As 
was indicated in the previous chapter, not a single student recognized 
that Statements A and B presented in situation nine were contrapositive 


Statements and hence logically equivalent. In fact, it was stated 


explicitely in situation nine that the proof given for Statement B also 


proves Statement A. In spite of this, most students felt that the two 
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statements were unrelated. Almost half of the students, in fact, 
Suggested that in order to show Statement A true, a different proof 


was necessary than that given for Statement B. 


G. Question Seven 

To what extent do high school students subjectively recognize 
that a mathematical proposition and its converse are not logically 
equivalent? 

The evidence obtained relative to the above question, as 
with the previous question, is perhaps insufficient to justify any 
positive conclusions. Only one item, namely situation twelve, was 
designed with question seven in mind. While the majority of students 
realized that the proposition stated in situation twelve was false, none 
of the students sampled appeared to understand why the argument presented 
was invalid. In particular none of the students indicated that the 
argument proved the converse of the stated proposition. Almost half 
the students sampled, however, did correctly disprove the stated 
proposition with a suitable counter-example. It is possible that most 
students who realized that the proposition was untrue, simply ignored 
the argument and attempted to find a counter-example. Some of the 
students however, could not evidently reconcile what they considered 
to be a false proposition with a valid proof. Im any event, there was 
no evidence to suggest that high school students recognize the fact that 
a mathematical statement and its converse are not logically equivalent. 
In fact, about the only conclusion that can possibly be drawn is that 
many students do not distinguish at all between a statement and its 


converse. 
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IIft. DISCUSSION OF THE RESULTS OF THE HYPOTHESIS TESTING 


In order to carry out a statistical analysis of the response 
patterns of students, the response of each student to each item was 
assigned a score of zero, one, two or three, as outlined in Chapter 
Three. Since each student responded to eight of the items, the maximum 
possible score was twenty-four. 

The statistical analysis was carried out primarily to 
investigate whether or not the level of response students gave to 
all eight items, as measured by their total score, was related to their 
achievement in mathematics. It was decided as well to use the scoring 
scheme to determine whether or not there were any significant differences 
between the mean total scores of each class who were administered the 
instrument,. to look for inconsistencies in the response patterns of 
students to pairs of items and to determine whether or not there was 
any significant difference in the mean total scores of males and females. 

The major findings from this analysis can be summarized 
relative to the hypotheses which was tested, as follows: (a) No 
significant differences were found to exist between the mean total scores 
of each group of students who were administered the instrument; (b) In 
seven of the ten classes which were administered the instrument, significant 
positive correlations were found to exist between mathematics achievement 
and the total score obtained on the instrument; (c) For all students for 
whom achievement data was obtained, a significant correlation was found 
to exist between mathematics achievement and total score. However, 


correlations between mathematics achievement and the scores obtained on 
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situations two, three, five, nine and ten were not Significant, and 

(a )eeror the ayer sample, no significant difference was found to 
exist between the mean total scores of males and females. Furthermore, 
no significant differences were found to exist between the mean scores 
of males and females on each of situations one through seven, with the 
exception of situation six, where the mean score of females was found 
to be significantly higher than that of males. 

Witherespect to the Cirst of therabove findines, it will be 
recalled that the instrument was administered to ten intact classes in 
nine different high schools. It was recognized that these schools 
differed not only in size, but also in purpose and philosophy. Some 
of the schools: were large composite high schools with a great deal of 
emphasis on extra curricular activities; others were smaller and more 
intimate with a greater emphasis on academics. In addition, perhaps 
the most important variable of all, in each class, was the teacher 
whose demands and expectations of students may have resulted in entirely 
Bi corer attitudes in different classes. These factors could have had 
an effect upon how students responded to the various items thus 
producing variations in the response patterns from different classes, 
in spite of the fact that every effort was made both in the construction 
of the items and in their administration to prevent students from 
perceiving the instrument as a test of their mathematical knowledge. In 
fact, the items which were administered to students were selected on the basis 
that each would be unfamiliar to most students so that hopefully the 
Bee of any previous instruction would be minimized. However, there 


was no way of insuring this in advance. 
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The fact that the mean scores of the ten classes were not 
significantly different suggests that the factors mentioned above did 
not significantly influence how students responded to the various 
items. Also, the fact that the response patterns of students in 
different classes were consistent would appear to enhance the 
reliability of the items used not only from the point of view of this 
particular study but also in terms of their potential usefulness as a 
means by which teachers can diagnose student understanding of many 
concepts related to the notion of mathematical proof. 

The findings which show a significant correlation between 
mathematics achievement and total score suggest that previous instruction 
in mathematics did in fact (aeicenes how students responded to the 
various items. Perhaps it would be unrealistic to assume otherwise, 
at least for some of the items. However, the significance of this 
finding lies, perhaps, in the fact that only the very best students, 
both mathematically and perhaps intellectually, have displayed a mature 
understanding of what proof in mathematics really means. On the other 
side of the coin, judging from the type of responses obtained at the 
lower end of the scale, it would appear that the vast majority of high 
school students, all except the very high achievers, do not possess 
anything approaching a clear understanding of many of the concepts related 
to mathematical proof that were investigated in this study. 

The final major finding shows that contrary to popular belief, 
as far as understanding the nature and role of mathematical proof is 
concerned, the level of understanding displayed by girls is no different 


from that displayed by boys. It would appear, therefore, that the main 
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variable is not sex but brainpower. 


In addition to the findings discussed above, and in spite of 
the fact that a correlation significant at the 0.001 level was found to 
exist between mathematics achievement and total score, correlations 
were obtained between achievement and the score on each situation. It 
was found that non-significant correlations exist between achievement 
and the scores on situations two, three, five, nine and ten. 

Situations two and three were designed to assess whether or 
not students use inductive or deductive reasoning to justify the 
generalizations presented in these items. Hence, on the basis of the 
previous discussion, a non-significant correlation between achievement 
and the scores obtained on these situations was interpreted to suggest 
that even some of the better students are prone to use induction to 
support mathematical generalizations of the type presented in these items. 

Situation five was designed to assess whether or not students are 
willing to accept and use definitions and hypotheses, which may be new 
and unfamiliar, in the context of a finite non-Euclidean geometry. Again, 
the fact that achievement did not correlate significantly with the score 
obtained on this item suggests that even the better students encountered 
ditprewl tyewithethis =item: 

On situation nine, none of the students indicated that the 
two contrapositive statements were logically equivalent, thus 
explaining the non-significant correlation between the score obtained 
on this situation and achievement. Situation ten was designed to 
assess specifically student understanding of the concept of counter-example. 


The fact that there was no significant correlation between achievement and 
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the score obtained on this situation is explained by the fact that the 
majority of students appear to understand the role of a counter-example 
including many of the low-achievers. 

Significant correlations at the 0.05 level were found to exist 
between mathematics achievement and the scores obtained on situations 
one, four, six, seven, eight, eleven and twelve. These findings have 
been interpreted to suggest that only the high achievers displayed a 
mature understanding of the concepts being investigated in each item. 
For example, the fact that achievement correlated significantly with the 
scores obtained on situations six and seven suggests that only the very 
best students academically show any understanding of the method of 
inda pects prool. 

Finally, as reported in Table XX1, the incorrelations 
between the scores of each situation were obtained. An examination of 
these intercorrelations revealed what may be considered as an inconsistency 
in the response patterns of students on situations one, two and three. 
Specifically, a significant correlation was found to exist between 
the scores obtained on situations one and two and also between the 
scores obtained on situations two and three. However, the correlation 
between the scores obtained on situations one and three was non-significant. 
Furthermore, the score on situation one correlated significantly with 
achievement, whereas the scores on situations two and three did not. 
These results, while indicating apparent anomalies in the response 
patterns of students, are consistent with the observations, reported 
earlier in this Chapter, resulting from a comparison of the response 


patterns of students on situations one, two and three. To be specific, 
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approximately one third of the students who were classified as understanding 
the use of the generalization principle in situation one, were also 
classified as inductive thinkers on situations two and three, while a 
significant number of students responded in just the opposite manner 

on these items. 

If it is assumed that students responded consistently to items 
one, two and three, then there would appear to be several possible 
explanations for the apparent anomalies. Firstly, it is possible that 
some of these students considered the conclusions presented in all three 
items to be intuitively obvious and therefore did not see the need for 
any formal proof in each of the three situations. This would explain 
why some of these students were categorized as understanding the general- 
ization principle in situation one. It would also explain, perhaps, why 
some of these students considered an inductive argument to be adequate 
justifications for the conclusions presented in situations two and three. 

It is also possible, however, that some of these students 
responded to situation one not on the basis of an understanding of the 
generalization principle but rather by reasoning inductively consistent with 
their responses to situations two and three. To illustrate why this is 
possible, it should be noted that the propositions presented in situations 
one and two, for example, have the same general form, namely both are 
statements of the form P(x) where x belongs to an appropriate domain D. 

In general, to prove that a proposition of the form P(x) is true for all x 
iptv tic Linsteassumed, swathout any Joss of generality, that x is an 


arbitrary but fixed element of D. If it.is then possible to prove the 
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statement P(x) true for this arbitrary but fixed value of x, the general- 
ization principle is applied, either implicitely or explicitely, to conclude 
that P(x) is true for all x in D. 

In situation one, the domain D is the set of all geometric figures 
isomorphic to Joe's diagram. P(x) states that the area of the triangle 
is one-half the area of the rectangle for all such geometric figures. 
Since P(x) was proven for the arbitrary but fixed figure labelled Joe's 
diagram, no further proof is necessary to conclude that P(x) is true for 
allwother. isomorphic f1cures and. in particular, tor Tom's diagram. Lt is 
possible, however, that some of the students who correctly stated that no 
further proof was necessary in situation one, did so on the basis of in- 
ductive rather that deductive reasoning. The reason for suggesting this 
is that essentially the same kind of argument must be used to prove the 
proposition presented in situation two. In this case, the domain D is 
the set of all positive integers. P(x) states that 4* _ 1 is divisible 
by three. Again, if it can be shown that P(x) is true for any arbitrary but 
fixed positive integer x, which is not very difficult, then the generali- 
zation principle can be used to conclude that PCo)maSetrucelormmaliaposiiive 
integers x. It was evident, however, that most students did not use this 
form of reasoning to justify the conclusion presented in situation two. Most 
students, in fact, believe that if P(x) can be shown true for one or more 
fixed or constant values of x, that is, for one or more specific positive 
integers, then this is sufficient to conclude that P(x) is true for all 
positive integers. It is possible of course that these students resorted 


to this inductive form of reasoning because they did not have any idea 
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how to prove the stated proposition otherwise. However, based upon the 
fact that approximately one third of all students sampled, who justified 
the conclusions presented in situations two and three inductively, were 
classified as understanding the generalization principle on situation one, 
Lies also possible that these students responded to situation one in the 
same way and for the same reasons as they did to situations two and three. 
In summary, whether or not the responses of students to situations 
one, two and three are inconsistent, it would appear that students need a 
great deal of mathematical maturity to distinguish between showing a pro- 
position of the form P(x) true for a fixed or constant value of x and 
proving P(x) true for an arbitrary but=fLixed value of x. "Yet, this is 
essentially what students must be able to do if they are to understand not 
only the full generality of many propositions but also the difference between 
empirical evidence supporting a proposition and a valid proof of that pro- 
position. It would appear that the majority of high school students are 
not mathematically mature enough to make this distinction without, perhaps, 
specific instruction and exposure to a variety of examples illustrating 


these ideas in an explicit manner. 


IV GENERAL OBSERVATIONS 


Smith and Henderson (1959) state: 


To the unsophisticated, ‘proof' is practically 
synonymous with 'what convinces me'. A 
statement is 'proved' when a person is 
convinced that it is true. Such a concept 
makes proof a subjective and personal matter. 
The purpose of considering proof as a major 
idea in mathematics is to lead students from 
such a subjective concept to a more objective 
one, a concept based upon criteria impersonal 
inenature. .(p. 1/3). 
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It was evident from this study that approximately half 
the students sampled were totally "unsophisticated" with respect 
to the concept of proof. These students do not see any need to prove 
any proposition that they consider to be self-evident or intuitively 
obvious. In this respect, the thinking of these high school students 
is no different from that exhibited by most students at the Junior high 
level. However, this kind of thinking at the Junior high school level 
is not surprising since many of the students are still at Piaget's 
concrete operational stage of development. Students at the Senior high 
school level are assumed to be at the formal operational stage, although 
the kind of thinking exhibited by many of the students sampled certainly 
does not confirm this. 

On the basis of this study, at least seventy percent of the 
students in grade eleven do not appear to realize that generalizations 


about infinite sets of mathematical objects cannot be adequately 


supported by examining a finite number of cases. This finding contradicts 


a finding of Robinson (1964). She concluded that students do have this 
understanding, at least, by grade seven. It is possible that some grade 
seven students do have this understanding, but it is evident from this 
study that a significant number of students at the grade eleven level do 
ONES « 

Robinson (1964) also concluded that: 

Most seventh and ninth-grade students will, 

when given free choice, justify a mathematical 

generalization by deductive reasoning from 

a set of premises if and only if those 

premises agree with their intuitions; that is, 


if and only if those premises are believable 
to the, children .(p. LOL). 
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It was evident from this study that this same conclusion is also valid. 
for over eighty percent of the grade eleven students sampled, most of 
whom, in fact, were not willing to reason, for the sake of argument, from 
any premise which they consider to be false. It was also determined 

that this is one of the main reasons why high school students experience 
difficulty with the indirect method of proof. 

Again, in view of Piaget's findings, it is not surprising that 
many Junior high school students would react to assumptions in this way. 
However, the fact that most senior high school students in the top mathe- 
matics stream of their respective schools did so was unexpected, although 


this finding is consistent with some of the findings of Reynold's (1967) 
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which were discussed in Chapter II. He found that in responding to questions 


related to notion of mathematical proof, students in the age group 
seventeen to eighteen responded no differently to many of his items than 
students in the age groups twelve to thirteen. 

This finding would appear to be significant because if most 
students at the senior high school level are only willing to reason from 
premises that they consider to be true, then it would appear that these 
students have very little idea about the nature of mathematical reasoning 
in general. In particular, pert a finding suggests that these students 
do not understand that the very essence of a mathematical system is a set 
of assumptions called axioms or postulates which are assumed to be true 
whether they are self-evident or not. Furthermore these assumptions 
constitute the genesis of all mathematical structures and hence the 
core of all mathematical reasoning. If these students are unwilling to 


reason from a postulate because they consider it to be a false statement, 
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or because it is not intuitively obvious, then the whole question of 
whether or not most high school students have benefitted from, or can 
benefit from, a study of formal axiomatics would appear to demand much 
greater study. 

On the basis of this study, it was also evident that most 
high school students do not understand the logical principles underlying 
some of the arguments presented. This was particularly evident in the 
case of the method of indirect proof which does not appear to be under- 
stood by approximately eighty percent of the students sampled, wees 
because they do not understand the logic behind such arguments. There 
was also no evidence to suggest that students understand the logical 
equivalence of a mathematical statement and its contrapositive or that 
a statement and its converse are not logically equivalent. As a result, 
many of these students were clearly handicapped since in general it is 
impossible to separate proof from logic. 

The only finding of a positive nature was that most high school 
students do appear to understand that a single counterexample to a stated 
proposition is sufficient to disprove that proposition. It was evident 
Pate all students realize that a mathematical proposition is either true 
or false, but not both, and perhaps the idea of proving a statement 
false is much simpler to understand than the idea of proving a statement 
true. 


V. EDUCATIONAL IMPLICATIONS 


Based upon the findings of this study, it is apparent that 
the search for improved ways of introducing students to the deductive 


nature of modern mathematics must continue. Whether or not students go 
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on to study higher mathematics, it is still desirable to give high 
school students some idea of what modern mathematics is all about and 
what mathematicians actually do. It should be possible, for example, 
to give students some understanding of the importance of famous con- 
jectures in mathematics such as Goldback's conjecture, Fermat's con- 
jecture or perhaps the famous Four Color Theorem. It should be possible 
for students to understand why these simply stated, and _ many , 
intuitively obvious or self-evident, conjectures have attracted the 
efforts of many mathematicians over the years. Surely, the imagination 
of students can be challenged and they can be taught to appreciate why 
the mathematics community will not be aerieried until some of these 
conjectures are either proven or shown to be false. 

To accomplish the kind of understanding referred to above does 
not, perhaps, require that students be exposed to a long and complicated 
axiomatic treatment of any part of mathematics. In fact, as stated 
earlier, it would appear that a deductive approach to the teaching of 
mathematics is appropriate, perhaps, ons for a very select few students. 

On the basis of this study, it would appear that-if the 
teaching of deductive methods is to be very meaningful for most students, 
even at the senior high school level, then students must not be required 
to prove or even memorize the proofs of long strings of propositions 
that to them are intuitively obvious. On the other hand, students should 
be given the opportunity to become totally familiar with any axioms, 
hypotheses or definitions before being required to reason with then. 

In fact, the use of hypotheses and definitions that are intuitively 


acceptable to students is indicated. 
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It was also evident that it is necessary to teach explicitly 
the logical principles underlying many of the arguments used in mathe- 
matics. It would appear that the best time to do this is concurrent 
with the use of these principles in actual mathematical situations. 
Based upon previous research, it would appear to be insufficient to 
teach a course on logic prior to or separate from a course in mathe- 
matics and hope that students will automatically transfer and apply 
this knowledge to mathematical situations. Hence students should be 
exposed to many examples where the logic of an argument Ts Lexplaciely 
discussed and revealed to them. This would appear to be particularly 
useful in the case of the indirect method of proof and also for some 
of the other ideas assessed in this study, such as the use of the 
generalization principle or the logical equivalence of a statement 
and its contrapositive. 

On the basis of this study, however, it may be unrealistic to 
expect most students at the high school level to understand and use some 
of the forms of reasoning investigated in this study, particularly the 
method of indirect proof. It is aesens that some students will never 
understand how the method of indirect proof proves statements in mathe- 
matics or will ever be convinced by such an argument. 

tudents must also be taught explicitly the difference between 
inductive and deductive reasoning. In general terms, it is perhaps 
essential that high school students understand the inductive nature of 
most scientific discovery. The fact that most conclusions that result 


from research in the fields of medicine or psychology or even mathematics 


are based upon inductive evidence whereas only conclusions in mathematics 
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can be verified by deductive reasoning, does not appear to be a 
concept impossible to teach to most students. However, on the basis 
of this study, it would appear that most high school students do not 
have this understanding or at least do not make any distinction between 
both kinds of reasoning. Perhaps more attention should be paid to the 
suggestion of Allendoerfer (1957) when he stated: 

At some stage in the high school mathematics 

curriculum, there should be a serious discussion 

of deductive systems per-se, and later 

applications of this to mathematics and to non- 

mathematical situations should be used to 


reinforce the understanding of the students 
about deductive methods (p. 66). 


Finally, and perhaps most significantly, on the basis of 
this study, it would appear that items of the type used in this study 
can be used by teachers (a) to initiate the instructional process 
relative to many of the concepts to be taught and studied in the area 
of mathematical proof; (b) to diagnose and identify erroneous student 
thinking relative to many of these concepts; and (c) to discuss with 
students, either on an individual or class basis, the kinds of errors in 
thinking exhibited in order to convince them of the nature of such errors 
and in the hope that students can learn from their errors the correct 


form of thinking expected of them. 


Vi. SUGGESTIONS FOR FURTHER RESEARCH 


The motivation for this study resulted partially from the 
realization that many of the items used in the past to assess learning 


outcomes in the area of mathematical proof did not assess the extent 
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to which some of the more important objectives of the high school 
mathematics curriculum were being attained by students. Fawcett (1938), 
Fehr (1966) and Wilson (1971), among others have suggested that many 
teachers tend to emphasize only the lower behaviour levels in their testing. 
This was particularly evident in the area of mathematical proof, where 

it would appear that the main emphasis was placed on factual knowledge. 

If, in fact, the objectives which are emphasized in the usual tests and 
examinations given to students reflect what students are actually taught 

in the classroom, then ne is, perhaps, not surprising that most students 
lack a basic understanding of what proof in mathematics is all about. 

A secondary objective of this study was to determine whether 
or not items of the type used in this study have any potential for use 
in the classroom as means of diagnosing or assessing student understand- 
ing of some of the more important objectives of the high school mathe- 
matics curriculum that relate to the notion of mathematical proof. This 
effort, perhaps, only scratches the surface, but it does suggest that a 
much greater effort is needed to develop and validate alternative methods 
by which learning outcomes relative to these objectives can be diagnosed 
and assessed in a manner meaningful not only to teachers but also to 
students. 

There is, therefore, a need to devise and evaluate alternative 
teaching strategies for the presentation of concepts in the proof domain 
at a level consistent with mathematical maturity of most high school 
students. Many suggestions have been made along these lines, most 


recently by Sher (1978). . He suggested that Boolean Algebra would be an 
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appropriate means to introduce students to a mathematical system in 
which students can understand, appreciate and even prove theorems. 
However, this suggestion, and others like it, needs to be evaluated 
objectively in an actual classroom situation so that the effectiveness 
of these teaching strategies can be determined. 

Another recommendation for further research resulting from 
this study results from the observation that if students are to really 
understand the nature of dedective mathematics, then the logical 
principles that underly some of the more BHate PoPEs of reasoning used 
in elementary mathematics must be made explicit to students. It would 
appear that many of those principles are left to incidental learning with 
the result that most students graduate from high school without any formal 
knowledge of some of the most basic rules of inference. Hence there is 
a need to develop ways of incorporating a study of the basic logical 
principles used in elementary mathematics directly into the mathematics 
curriculum in such a way that students can see immediately how these 
principles are applied to particular forms of reasoning. Previous re- 
searchers, such as Phillips (1968), Roy (1970) and Bostic (1970) have con- 
cluded that formal instruction in the basic principles of logic that are 
essential to deductive reasoning does not guarantee that students will 
automatically be able to understand the use of these principles in mathe- 
matical arguments, especially when these principles are studied prior to 
or separate from the mathematics in which they are employed. Hence, it 
would appear that most students need explicit and perhaps repeated 
instruction on the use of these principles in a mathematical context. 


This would appear to be especially important in the case of particular 
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forms of reasoning such as the method of indirect proof and some of the 


other forms of reasoning investigated in this study. 
Vie LLOGUE 


For the benefit of those who may be interested in continuing 
the line of research reported here, it would, perhaps, be useful to 
indicate, in a retrospective sense, some of the areas where potential 
improvements to this study might have produced more reliable results. 

It is possible that the wording and nature of some of the 
items may have had a confounding effect upon how students responded to 
these items. For evans it is possible that the definitions of a 
bine and of parallel lines in situation five were not made explicit 
enough. 

It is also possible that students considered the proposition 
presented in situation six (i.e. proving 1*0) to be intuitively obvious 
and hence did not bother tc read the argument presented or else considered 
it unnecessary. Hence a more appropriate item might have been used. 

Perhaps the main suggestion that results from these observations 
is that it may have been possible to determine student perceptions of 
these items more accurately by carrying out individual interviews with 
selected students after the items were administered. Such a procedure 
could have been used to determine whether or not there are alternative 
interpretations of the results of this study than those fiven in this 
report. In fact, it is entirely possible that reliable data could have 


been obtained solely by interview rather than by the procedures adopted 
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in this study. It would appear useful, in fact, to determine, via a 
comparative study, whether or not the conclusions of this study would 
have been any different if the data had been obtained solely by inter- 
view or by a combination of written response and subsequent interview. 
One final suggestion would be that whatever method is used to 
gather data, it would appear that the kind of research reported here 
could be carried out with students at all levels from the Junior High 
School through to beginning University and beyond, the objective of 
which could be to determine more precisely the characteristics of the 
various stages through which students appear to pass in gaining an 
understanding of the nature and role of proof in mathematics. The 
refinement of a developmental model relative to how students progress 
in their understanding of proof could add immensely to one's under- 
standing of how best and when to introduce students to the various 
concepts so as to maximize student understanding at each stage of 


his or her development. 
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APPENDIX 


Mark any 


APPENDIX I 


ITEMS USED IN THE PILOT STUDY 


of the following statements that accurately describe 


vour thoughts about mathematical proof: 


Hi 


Note the 


i 


Gs 


OG 


here 


A mathematical proof is necessary only when you want 

to convince someone of the «ruth of a statement. 

A mathematical proof can establish the absolute truth 
of a statement. 

To the hypothesis and che data of the problem, and 
previously accepted detinitions and assumptions, the 
rules of logic are applied to arrive at a proof for a 
problem. 

A mathematical proof of a statement is not necessary if 
you can give any number of instances where the statement 


appears to be true. 


following pattern: 


leex. le = 1° 
De Jiee=, xe a 2? 
34+45=9=3x 38 3° 


34+54+7=16=4x4=4 


(a) What is the next statement in this pattern? 


(b) Do you feel 


(c) Can 


you conceive of anyone requiring a proof in order to 


establish the pattern above? Why or why not? 


that this pattern could be continued indefinitely? 
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3. Note 


(i) 


(ii) 


the following sequence of diagrams: 
OH=0 
1 = if 
U +f = +t 
lL e= 2? 


(iii) All iia = HH 


Aegah” 


(a) 
(bd) 


Ce} 


(a) 


(b) 


i gee Gy ee 


a ae 


sy Gat La Bete 


Il 


Indicate what the next step would be in the above sequence. 
ley Seems thar: | The sum of the first mn odd numbers is)equal 

2 | 2 
(EG) Ta Meee ebgliteebolers~ 1 GeeSiae sae (sp bach BUL eB eke Meh ey 9). 
Do you think that the above diagrams prove that this conclusion 
Lsecrue? 


Do you think that everybody would agree with you? Why or why 


not? 


the following: 

- = Ga aoisee Shey = M3} Sh = 2* 8) 

52 = ie = 9 Ao = ae = 7 

8° = fa dts) ii - sy” = 21 


What conclusion can you always make from these statements? 
Give examples if you like. 
Do you feel that the conclusion that you made in (a) is always 
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4. (c) Can you conceive of anyone requiring a proof in order to 


establish the pattern above? Why or why not? 


5. Note the following: 


a ae wa c a ia B 
A : i 
1 
¥ c i ‘ 
D P ~~ ‘ 


x 
Zz 


A Ww B 


In all cases, ABCD is a four sided figure. The mid-points of 

thessides are W, X, Y and Z. 

(a) What conclusion can you make about the four-sided polygon 
WXYZ from the diagrams above? 

CD) melLewyou made sasconclusion in) (a) dO, yOusthink= that it 1s 
always valid? 

(c) Can you conceive of anyone requiring a proof in order to 


establish the pattern above? Why or why not? 


6. Fill in the blanks: 
(amine si Se dmbacton Gia 2a". 
(Chee Inrees Seaaitactonrorms3. 


(C)\melsetireesaeractormoL 24s 3537 


a) 
i 


“wiht 
ee 7a. Se. 
sl aa’. a= os 


aut : rayne 
ee a 
_ vr, paren 19 wit 4 


’ 
te - 


er G01d ,teaao Ileal 


2 
hea Te gat , $36 osbhle adj a 
- 
: \ a > v 
nosylad bo bie=tuni- oni 4yu9¢4 oapm Soy nas nobenmiveos: gan (s) 
4 T 
7 maar: tl G mens gekh- sas) Gert: SIR 
4 
7 i‘ : > - : : , : _ % 
9 e035 Pars. nett usy, Ob Ca) ‘ ufi 136 Shim ony TI td) 
4 v P v F - 
»~. oat ; : 


ag = 7" thtley agawte 
rh 8 < SS Wns Hi. Tonto? A Hesse Ss OTe ie 2 VIS SF une aap to) 


; : | ,; Sion vwiw sa WAU, (eveds G7494a¢9 eile Wet eases co 


Dp \ 
7. Ds : : r - : i : . ae 
‘ 4 "; ey . hed egg nl, a 
7 7 i 7 > <. 
\ xe! 3, hee? ‘ ae. 2 
-$2 ic ialyet © et epedt Ce)> 
c »-e M awit’ od 
«ut to 216¢3;80 2) oe a) 
: : (‘er i 
M4 + £2 Io toto eee a 
i ro ® : i J —* 
, Ae E : - of 
ont ; . ane. 


DS 


(a) Six is a factor of 72. 
(b) Six is a factor of 132. 


(e)\) IShsise atfactortof 72 + 132? 


(a) nwiseastactor of a. 
(b).) nis asfactor ‘of b: 


(eile Ist abfactortof aftip2 
Prove. at. 


Uiiakine ehemblanks: 
(a)e nv iseastactor of a + ob. 


(Dip istnyalwaysea factor of auand of b2 
EOWe Ie. 


Note the following: 


Be =. /, = 15 i eee) dere) 

So eG so Sy 
9) 

i? 2a ein Ge = 1 = oy 


(a) What conclusion can you always make about differences like 
those above? Give examples if you like. 


(b) Do you think your conclusion in (a) is always true? Why? 


ABCD is a rectangle. E. is the mid-point of AB. 

(a) The area of triangle ECD is what fractional part of the area 
of the whole rectangle? 

(b) If your friend disagrees with you how are you going to 


convince him? 
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Fill in the blanks: 


(a) 
(b) 
ce) 


(a) 
(b) 
(c) 


(a) 
(b) 
(c) 


Ehreesi seas factor of 24. 
Thireesis a factor of 33. 


Is three a factor of 24 + 33? 


Sissel Ss artactor of 72. 
Sixelsea TactoreoL 32) 
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How would you convince a friend that you are right if he 


disagrees with your answer? 


Fill in the blanks: 


(a) 
(b) 
Ce) 


(a) 
(b) 


SiG Se aatactor ofe 5014 o4. 
1S Sisk € Aero OF BOY 


homciccta stactomeor o47 


in 1G 2 FSYeieOr one A a lo, 


is ifalwayseas factor of Aaland of sb, 


Convince a friend who disagrees with your last answer. 


Triangle ABC is given such that sides AB and AC are of different 


length. Let p represent the measure of the angle at vertex B 


and q represent the measure of the angle at vertex C. 
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continued. 


Suppose you wish to show that p and q have different values. 


Complete the argument that starts: 


"Either p and q are equal or they are different; if p and q 


ATeETCCUS Lees cu 


Two high school students, Sandra and Tom are discussing straight 


lines in a plane: 
Sandra: "You know Tom, two distinct points in a plane determine 
one and only one straight line." 


Tom: "Yes, of course Sandra. However, two distinct lines can 
intersect in two distinct points." 


Sandra: “thates not true Tom.— lfeyou take twomdistinct lines 
which are not parallel, then anyone can see that they 
intersect in only one point." 

Tom: "What you say is correct, but it does not show me that 
my last statement is incorrect." 


If you were Sandra, what would you do at this point to show Tom 


that his Statement 2S not true. 


Sandra and Tom are discussing numbers: 


Sandra: -i've been trying to show that 5 + Y2 is an irrational 
number." 

Tom: "What's an irrational number?" 

Sandra: ‘Well, ‘o you know what a rational number is?" 

Tom: UVeewei see amber aWwiich Call sbe wri tventuas»anitraction 


a/b, where a and b are integers and b # 0." 


Sandra: "Well, an irrational number is a number which is ae 
rational. For example, /2 is an irrational number. 
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continued. 


Tom: 


Sanndasare 


Tom: 


Tom writes: Suppose 


Sandwars 


Tom: 


Sandra: 


"Oh yes, I remember. But what about 5 + /2 2" 


"All I know is that 5 + ¥2 is either rational or it 
Len irs te Ona leas 


eWell, “iit! ssirrational, your problemsis solved. so 
suppose we say its rational." 


i 

ahs 

NI 
I 


me where a and b_ are integers, 
and. bay 


Then V2 = ee 5 


oO 


"But Tom, since a and b are integers, a — 5b is an integer 


and therefore B- bas a rational number. This cannot be 
FP V2 b D 4 wt 

Eruecesincer Ze iS ane rationaw numper. 

SYOU -resri chieoandranmpurtiion  sbexachimethe conciais1on 


we must arrive at in order to show that 5 + v2 aS 
irrational... 


MWY 2. 


How would you reply if you were Tom? 


Joesand Tom are discussing the inequality “20 °- on = 2n — 1. 


Woe ttt 1s easy ttorsnow that this inequality is true when 1 
ie assicned "tne values 1, 2, 3 ande4." 


Tom: ew olt!'s my guesssthat the inequality is) true when (neis 
assigned any natural number." 


Joes) 8 don’t aeree with you. 


If you were Tom, what would you reply? 
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Joe and Tom are discussing straight lines in a plane. They 


agree that two points in a plane determine a line. 


Joe: (In a prankish mood) "Two distinct lines can intersect in 
EwoRdistinet points.) 


TOM OS. chat se foolish." 


Joe: Well, if it is so foolish, show me why?” 


If you were Tom, what would you do at this point? 


Joe and tom are talking about divisors. 
Joe: "If 3 divides some number n, then it divides any two 
numbers whose sum is n." 


Tom: = That 1s not ruc eo dividess50,, but ttedoecnt divide 
either 23 or 7 even though 23 + 7 = 30." 


Joe: "Well, if 3 divides some number n, then three times 
another number, say a, equals n. That is what dividing 
le Dy Oo emeans.-) mJOcethen writes. §3e.:a5= 1. 

Joe: "Now, if 3 divides another number m, then 3 times some 


number, say b, equals m. Joe then writes: 3 .b=n. 


Joe: "Now, 3 has to divide the sum of n and nm.” 
JOG weices: nN = 3°. a 
my= 3 480 
De ile (ora eS ob) 
= 3(a +b). 
Joe: "Three divides the sum of n and m because n +m is equal 


to 3 times a + b. As I said before, if 3 divides some 
number n, then it divides any two numbers whose sum is n." 


If you were Tom, how would you reply? 
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Tom: "Here is a problem for you Joe." Tom writes: Let 


a + by2 = p/q, where a, b, p and q are natural numbers 
and q #0. The bv¥2 = p/q-a=p-aq. 


q 


Therefore. v2. = 4 oo. 
bq 


Now, since a, b, p and q are natural numbers, therefore_ 
both p - aq and bq are natural numbers. Therefore /2 _ 
is the quotient of two natural numbers which means that /2 
iSenotra rational number — ineract At is irrational. 


Therefore something must be wrong. 


Tom: "What do you think is wrong Joe?" 


If you were Joe, what would you reply? 


Mathematicians have shown that all ellipses haveequations of 

2 ee 
ChSm Orie SOV CCV) cat ey = Oe whereestA.B.) GomD:. 
E, F are constants. However, in finding equations of ellipses 
a mathematician found one that was not of the above form. Would 
you consider the first statment true or false now in view of 


this exception? Why? 


Tom says. "Hey Joe, I've found a formula that will always produce 
2 , 
DelmealumberSe Obese. Salta S alle tli tll eS When n= —9l Sethenits 
Valuseio al borne ells value Wen dj etOr Tl “aon ads 
value is 23. It just keeps giving me prime numbers." Joe 
2 pane 
Sars Woae aAbOuLeneoell, ethen® Ti ns Ll equals. 1435 swnich 
Teenot rime becaucess4>5 equals 13° (times sil." fom replies; 
2 ? 
Voli inectilimgoine tomsay that pie +n rolls As aetormula that 


. : . * * W! 
always produces prime numbers when n is a positive integer. 


Whose side would you be on in this argument? Why. 
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According to wildlife experts Canada geese mate for life (i.e. 
have the same partner for life). However, a wildlife expert 
finds a Canada goose that left his mate for another. Would you 


consider the first statement true or false now in view of this 


exception? Why? 


: a - F A 
A fraction 5 is said to be "reduced" if a and b have no common 


a 


prime divisors. eg. 7 is "reduced" since the only common divisor 


US eee le eo. = is not "reduced" since it has 2 as a common prime 
2 
divisor and 2 and be reduced to =. - Also ro} 15, “mediced! 26 
b 2 
2 2 ; men 2 a oe 
a and b have no prime common divisors. eg. ea is 
23 s) 
"reduced" however =o ~ is not "reduced". 0O.K. Now, are 
6 
you ready to read the following statement? 
ar a 
If the fraction > is not reduced then the fraction = is snot 
. 


reduced. 


(a) Do you understand this statement? 
(b) Do you believe this statement? 
(c) Why do you or do you not believe this statement? 


Ca) =Do, you think a proof is necessary for the statement? 
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Write down as many true statements as you can about the situation 


above. 


Label your statements with one of the following: 
A: An assumption that is accepted as true. 
Bee A definition. 


P: A statement than can be proved from other statements. 


24. Check any of the following statements about proof that you 


believe are accurate. Check as many as you wish. 


1. Proofs are something found only in books. 


2. if I study hard enough I can write proofs of given 
mathematical statements. 


3. If you carefully study examples and try out values in 
statements, you don't need proof. 


4. Nothing is true in mathematics without proof. 


5. Proofs are where logic comes into a persons thinking 
about mathematics. 


6. Proof is just a formal discussion of what you already 
know. 


7. Proof in mathematics is simply, "that which convinces 
someone." 
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